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 A GENERALIZATION OF SUBNET WITH SOME RESULTING IMPROVEMENTS

 IN MOORE-SMITH CONVERGENCE THEORY

 George Benkart and Douglas W. Townsend
 Ohio State University

 Section 1. Introduction.

 This paper is intended to improve the theory of Moore-Smith
 Convergence by generalizing the definition of subnet. We begin by
 examining some short-comings of the present Moore-Smith theory of con
 vergence. Given a net S, it is possible to construct in a natural way
 a filter dependent on S. From this filter a second net Τ may be constructed.
 While S may be shown to be a subnet of Τ, Τ in general is not a subnet
 of S, even though S and Τ generate the same filter (See example 3).
 Also, given nets S and Τ defined on the same directed set, Τ may equal
 S on all but one element of the directed set and still not be a subnet

 of S (See example 1). These limitations in the theory illustrate the
 need for a new definition of subnet.

 The new definition will generalize the classical definition of
 subnet. It will have the advantage of preserving the classical theorems,
 while eliminating the above disadvantages. It will also yield the
 following powerful result:

 Given nets S and T, and filters Φς and Φτ constructed from them,

 Φς c Φ,ρ implies Τ is a subnet of S under the new definition. In addition,
 this result will provide an easy method for finding a common supernet for
 nets S and T,

 Section 2, Definition and generalization of subnet.

 Throughout the remainder of the paper, unless otherwise specified,
 let us assume that S is a net from the directed set (d, <3 into the
 topological space X, and Τ is a net from directed set (E, <"0 into
 X. First, before presenting a generalization of subnet, we review the
 classical definition of subnet.

 DEFINITION 1: Τ is a subnet of S if and only if there is a function
 Ν mapping Ε into D such that

 i) for each η e D there exists ρ ε Ε
 such that ρ << q implies η < N(q) and

 ii) Τ = S · N.

 REMARK 1: Notice condition (ii) requires that T[Ej C S03 ·

This content downloaded from 75.168.84.47 on Sat, 01 Jul 2023 23:55:00 +00:00
All use subject to https://about.jstor.org/terms



I.  Schur-Weyl Duality

Schur-Weyl 
“Duelity”

GB: “Contrary to what that picture might suggest, this is a story of cooperation.”
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II.  Walking on Graphs

GB: “A pedestrian approach to representation theory”

GB+TH 2012 MAA Mathfest Special Session in Madison, WI : 
“Walk the Walk, Talk the Talk”
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Eg 1:
simple modules over :ℂ

binary tetrahedral group of order 24
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(Cn, Ân�1) (Dn, D̂n+2)

0

12· · ·n-1 n-2

1

111 1

0 1 2 · · · n-2 n-1 n

00 n0

1 2 2 2 2 1

1 1

(T, Ê6) (O, Ê7)
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1 2 3 4 3 2 1

2

(I, Ê8)

0 1 2 3 4 5 6 7

60
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3

Figure 2: The representation graphs RV(G) for the finite subgroups G = Cn,Dn,T,O, I correspond
to the a�ne Dynkin diagrams of type Ân�1, D̂n+1, Ê6, Ê7, Ê8. The label on the node is the index of
the G-module, and the label above the node is its dimension. The trivial module (a�ne node) is
blue and the defining module V is red.

The centralizer of G on V⌦k is the algebra

Zk(G) = EndG(V
⌦k) =

n
a 2 End(V⌦k)

�� a(gw) = ga(w) for all g 2 G, w 2 V⌦k
o
. (2.5)

If the group G is apparent from the context, we will simply write Zk for Zk(G). Since V⌦0 = G(0),
we have Z0(G) = C1. There is a natural embedding Zk(G) ,! Zk+1(G) given by a 7! a ⌦ 1, where
a⌦1 acts as a on the first k tensor factors and 1 acts as the identity in the (k+1)st tensor position.
Iterating this embedding gives an infinite tower of algebras Z0(G) ✓ Z1(G) ✓ Z2(G) ✓ · · · .

By classical double-centralizer theory (see for example [CRIandII]), we have:

• Zk(G) is a semisimple C-algebra with irreducible modules
�
Z�
k

��� 2 ⇤k(G)
 
labeled by

⇤k(G).

• dimZ�
k = m�

k = |W�
k(G)| = |P�

k(G)|.

• Edges from level k to k � 1 in BV(G) represent restriction and induction rules for
Zk�1(G) ✓ Zk(G).

• If d� = dimG�, then the tensor space V⌦k has the following decomposition
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m�
k G
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| {z }
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k

| {z }
as a Zk(G)-module

⇠=
M

�2⇤k(G)

⇣
G� ⌦ Z�

k

⌘

| {z }
as a (G,Zk(G))-bimodule

. (2.6)
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6 Georgia Benkart and Tom Halverson
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7 15 20 15 7
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3 3 4 1
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5

6 16 55
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21

O : I :

k = 0 0 1

k = 1 1 1
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1

1
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2 3 1

5 4 1
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14 14 7 1

14 28 21 7 8

Fig. 3: The first several rows of the Bratteli diagrams BV(G) for G = C5,C10,D6,T,O, I. The representation graph
RV(G) is embedded as the shaded edges. The unshaded edges are reflections from the row above and correspond to
the Jones basic construction ideal ZkekZk (see Sec. 4). The Bratteli diagrams for C5 and C10 are isomorphic. The
label below vertex r on level k gives the number of k-paths from the top of the diagram to r, which is also multiplicity
of G(r) in V⌦k. These numbers also give the number of k-walks from 0 to r on the representation graph RV(G). The
column to the right contains the sum of the squares of the multiplicities which equals dimZk(G).
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Zk = C[Rk ] rook monoid algebra
Zk = C[Sk ] symmetric group algebra
Zk = Mk symmetric group algebra
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McKay Centralizer Algebras (Barnes-B-H, 2016 )
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g ·(v1⌦v2⌦v3⌦v4⌦v5⌦v6) = gv1⌦gv2⌦gv3⌦gv4⌦gv5⌦gv6

v2 ⌦ v4 ⌦ v1 ⌦ v5 ⌦ v6 ⌦ v3

G = finite group

group = G

V = finite dimensional C[G]-module

EndG(V
⌦k

) = centralizer algebra

Zk = EndG(V
⌦k

) = centralizer algebra

Zk = EndG(V
⌦k

)

= HomG(V
⌦k ,V⌦k

)

Sk �! EndG(V
⌦k

)

4 Georgia Benkart and Tom Halverson
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2
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3

Fig. 2: The representation graphs RV(G) for the finite subgroups G = Cn,Dn,T,O, I correspond to the affine
Dynkin diagrams of type Ân�1, D̂n+1, Ê6, Ê7, Ê8. The label on the node is the index of the G-module, and the label
above the node is its dimension. The trivial module (affine node) is blue and the defining module V is red.

an edge in RV(G). Such a walk is equivalent to a unique path of length k on the Bratteli diagram BV(G)
from 0 2 ⇤0(G) to � 2 ⇤k(G). Let W�

k(G) denote the set of walks on RV(G) of length k from 0 2 ⇤(G)
to � 2 ⇤(G), and let P�

k(G) denote the set of paths on BV(G) of length k from 0 2 ⇤0(G) to � 2 ⇤k(G).
Let m�

k denote the multiplicity of G� in V⌦k. Then, by induction on (2) we have

m�
k = |W�

k(G)| = #(walks on RV(G) of length k from at 0 to �)
= |P�

k(G)| = #(paths in BV(G) of length k from 0 2 ⇤0(G) to � 2 ⇤k(G)).
(4)

The centralizer of G on V⌦k is the algebra

Zk(G) = EndG(V
⌦k) =

�
a 2 End(V⌦k)

�� a(gw) = ga(w) for all g 2 G, w 2 V⌦k
 
. (5)

If the group G is apparent from the context, we will simply write Zk for Zk(G). Since V⌦0 = G(0), we
have Z0(G) = C1. There is a natural embedding Zk(G) ,! Zk+1(G) given by a 7! a ⌦ 1, where a ⌦ 1

acts as a on the first k tensor factors and 1 acts as the identity in the (k + 1)st tensor position. Iterating
this embedding gives an infinite tower of algebras Z0(G) ✓ Z1(G) ✓ Z2(G) ✓ · · · .
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symmetric group = Sn

Pk(n) = partition algebra

B(2k) (Bell #)

⇠= hTLk ,pb | b 2 branchi

Temperley-Lieb algebra 
+ projector at each branch 
in the Dynkin diagram
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V = permutation module

S� ⌦ V ⇠=
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⌫`n
m⌫

V S⌫

V ⇠= IndSn
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(1n�1) ⇠= IndSn
Sn�1

ResSn
Sn�1

(1n)

S� ⌦ V ⇠= IndSn
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ResSn
Sn�1

(S�)

S� ⌦ V ⇠=
M
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M

µ=��⇤
S⌫

(S4,S3)
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Zk = C[Rk ] rook monoid algebra
Zk = C[Sk ] symmetric group algebra
Zk = Mk symmetric group algebra

V⌦k ⇠=
M

�`n
S� ⌦ P�

k

as an (Sn,Pk(n))-bimodule

V⌦k ⇠=
M

�`n
mk,�S

�

as an Sn-module

multV⌦k (S�
n) = dim(P�

k ).

ek =
X

�2Sn

sign(�)�

decomposition as an      module 
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Sn acting on V⌦k

 : Pk(n) �! Zk = EndSn(V
⌦k)

P
j

�k
j

�2
j!

On(C) acting on V⌦k

 : Bk(n) �! EndOn(V
⌦k)

S�
n ⌦ V ⇠= IndSn

Sn�1
ResSn

Sn�1
(S�

n) ⇠=
M

⌫=µ+⇤

M

µ=��⇤
S⌫
n

ker( ) =

8
><

>:

0, k  n
2

hek,ni, n
2 < k  n

hen,ni, k > n

Tensor Identity:
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Representation Graph:
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Martin-Woodcock ’99: 
“It is possible that the kernel 
is idempotently generated"

3

1,2

· ·

Set Partition Tableaux

[BH]

[Colmenarejo, Orellana, 
Saliola, Schilling, Zabrocki]
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10 = multV⌦3(S4 ) = dim(Z3 )

1/10

10 = multV⌦3(S4 ) = dim(Z3 )

[Orellana, Zabrocki]
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10 = multV⌦3(S4 ) = dim(Z3 )

Pk(4)and

1/10

10 = multV⌦3(S4 ) = dim(Z3 )

Pk(4)

SU(2)

= 22 + 32 + 12 + 12



III.  Invariant Theory

GB: What’s an Invariant? It’s something that doesn’t move when you act on it



Classical Invariant Theory
(a)
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symmetric group = Sn

Pk(n) = partition algebra

B(2k) (Bell #)

⇠= hTLk ,pb | b 2 branchi

G = Sn the symmetric group

V = the n-dim permutation module

GLn(C) acting on V⌦k

 : C[Sk ] �! EndGLn(V
⌦k)

(FFT) The map is surjective for all k.
(SFT) If  then                 , the only relations come from          k ≤ n
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⌦k)

ker( ) = 0
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symmetric group = Sn

Pk(n) = partition algebra

B(2k) (Bell #)

⇠= hTLk ,pb | b 2 branchi

G = Sn the symmetric group

V = the n-dim permutation module

GLn(C) acting on V⌦k

 : C[Sk ] �! EndGLn(V
⌦k)

ker( ) = 0

[Schur, 1900 Thesis]

 If  then                        where                  k > n
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en+1 =
X

�2Sn+1

sign(�)�

multV⌦k (Vi )

Zn Dn T O I

G = T = 2A4

G = O = 2S4

G = I = 2A5

G = Dn = 2Dn

(b)

(FFT) The map is surjective for all k 
(SFT) If  then                 .    k ≤ n
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symmetric group = Sn

Pk(n) = partition algebra

B(2k) (Bell #)

⇠= hTLk ,pb | b 2 branchi

G = Sn the symmetric group

V = the n-dim permutation module

GLn(C) acting on V⌦k

 : C[Sk ] �! EndGLn(V
⌦k)

ker( ) = 0

 If , then                     is generate by an       k > n
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On(C) acting on V⌦k

 : Bk(n) �! EndOn(V
⌦k)

idempotent e.
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symmetric group = Sn

Pk(n) = partition algebra

B(2k) (Bell #)

⇠= hTLk ,pb | b 2 branchi

G = Sn the symmetric group

V = the n-dim permutation module

GLn(C) acting on V⌦k

 : C[Sk ] �! EndGLn(V
⌦k)

ker( ) = 0 ker( ) = hen+1i

[R. Brauer 1937]

[Hu-Xiao, ’10], [Leher-Zhang, ’12,’15], [Rubey-Westbury, ’14,’15]7/7

symmetric group = Sn

Pk(n) = partition algebra

B(2k) (Bell #)

⇠= hTLk ,pb | b 2 branchi

G = Sn the symmetric group

V = the n-dim permutation module

GLn(C) acting on V⌦k

 : C[Sk ] �! EndGLn(V
⌦k)

ker( ) = 0 ker( ) = hen+1i ker( ) = hei



Invariant Theory
(c)

(FFT) The map is surjective for all k

(SFT) What is the kernel of the Partition algebra?

[Martin], [Jones]
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Sn acting on V⌦k

 : Pk(n) �! EndSn(V
⌦k)

On(C) acting on V⌦k

 : Bk(n) �! EndOn(V
⌦k)

ker( ) =

8
><

>:

0, k  n
2

hek,ni, n
2 < k  n

hen,ni, k > n

         and is injective if k ≤ n/2.



Invariant Theory

5 The Kernel of the Representation Φk,n : Pk(n) → EndSn(M
⊗k
n )

The surjection Φk,n : Pk(n) → EndSn(M
⊗k
n ) from Theorem 3.8 (a) is an isomorphism when n ≥

2k. This section is dedicated to showing that kerΦk,n is generated as a two-sided ideal by a single

(essential) idempotent when 2k > n.

5.1 The kernel is principally generated, kerΦk,n = 〈ek,n〉 when 2k > n

For n, k ∈ Z≥1 with 2k > n, define the following orbit basis elements,

ek,n =






· · ·
· · ·

· · ·
· · ·

︸ ︷︷ ︸
n+1−k

︸ ︷︷ ︸
2k−n−1

if n ≥ k > n/2,

· · ·
· · ·

· · ·
· · ·

︸ ︷︷ ︸
k

if k > n.

(5.1)

ek− 1
2
,n = ek,n, if 2k − 1 > n. (5.2)

Observe that if k > n, then pn(ek,n) = k, and ek,n has k blocks, which we signify by writing

|ek,n| = k. If n ≥ k > n/2, then pn(ek,n) = 2k − n − 1, ek,n has two rows each with n + 1 − k
isolated vertices, and the number of blocks in ek,n is |ek,n| = 2(n+ 1− k) + 2k − n− 1 = n+ 1.

For example,

e4 1
2
,6 = e5,6 =

has pn(e5,6) = 2 · 5− 6 − 1 = 3 and |e5,6| = 6 + 1 = 7 blocks. The elements ek,n for k ≤ 5 and

n ≤ 9 are displayed in Figure 2.

Remark 5.3. Theorem 5.6 below shows for k ∈ 1
2Z≥1 and n ∈ Z≥1 such that 2k > n that

kerΦk,n = 〈ek,n〉 as a two-sided ideal, and Theorem 5.8 shows that ek,n is an essential idempotent.

For a fixed value of n, the first time the kernel is nonzero is when k = 1
2(n + 1) (i.e., when

n = 2k − 1). This is the first entry in each row of the table in Figure 2.

The expression for ek,n in the diagram basis is given by

ek,n =
∑

πk,n$"

µ2k(πk,n, ")d" (5.4)

where πk,n is the set partition of [1, 2k] corresponding to ek,n. In particular, when k = 1
2(n + 1),

all " in Π2k−1 occur in the expression for ek,n and have integer coefficients that can be computed

using (2.18).

Example 5.5. Here is the diagram basis expansion for e3,3 using the Möbius formulas in (2.17) and

(2.18). The diagram basis expansion for e2,3 = and e3,2 = I◦k = can be found in (2.19)

and Remark 2.21, respectively.

e3,3 = = − − − − − −

+ + + + 2 + 2 + 2 + 2 − 6 .
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Sn acting on V⌦k

 : Pk(n) �! EndSn(V
⌦k)

On(C) acting on V⌦k

 : Bk(n) �! EndOn(V
⌦k)

ker( ) =

8
><

>:

0, k  n
2

hek,ni, n
2 < k  n

hen,ni, k > n

[GB-TH] ([Rubey-Westbury])

GB: “essential essential  
idempotents” 

Orbit Basis

(c)

[Martin], [Jones]
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