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Gems from the Work
of Georgia Benkart

Tom Halverson and Arun Ram

Georgia Benkart completed her PhD in 1974 at Yale Uni-
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mathematics, beautiful style, and wonderful mathematical
personality.

Classifying simple Lie algebras. In algebra in 1974, the
air was thick with the classification of finite simple groups,
with new finite simple groups being discovered in a frenzy,
and the question always in the air:

“Have we found them all?”

At that time there was another such classification effort
beginning: a search for all of the finite-dimensional simple
Lie algebras.

In characteristic O the problem had been completed by
Cartan and Killing around 1894, resulting in the list of
Dynkin diagrams (Figure 1), which are in bijection with

the finite-dimensional simple Lie algebras. Over an alge-
braically closed field of characteristic p > 7, four addi-

tional series occur:
» the Witt Lie algebras W(m, n),
« the special Lie algebras S(m, 2)(1),
+ the Hamiltonian Lie algebras H(2m, 2)(2)1
« the contact Lie algebras K(2m + 1,n)™.

The monograph by Benkart, Gregory, and Premet [BGP09|
provides complete details on these algebras. They are

known as the generalized Cartan-type Lie algebras, be-
cause they are derived from Cartan’s four infinite fam-
ilies (Witt, special, Hamiltonian, contact) of infinite-

dimensional complex Lie algebras. Cartan’s work set the
stage for Kostrikin-Safarevi¢ [KS66], who identified the
above four unifying families of simple Lie algebras living
in the Witt algebras. Earlier work of George Seligman
[Sel67] (also at Yale) emphasized the role and the impor-
tance of the Lie algebras of Cartan type. George was one of
Jacobson'’s first students and Georgia was one of his last.

In 1966, Kostrikin and Safarevi¢ conjectured that the
Cartan-type Lie algebras and the Lie algebras coming from
characteristic 0 were all of the finite-dimensional simple
Lie algebras (over an algebraically closed field) in charac-
teristic p. The original formulation was for “restricted” Lie
algebras, and the general statement for finite-dimensional
simple Lie algebras is the “Generalized Kostrikin-Safarevi¢
conjecture.”

MATHEMATICAL SOCIETY 375

HISTORY
e BA, Ohio State, 1970

e PhD, Yale, 1974,
Nathan Jacobson

o UW Madison,
Postdoc, 1974-76

e Assistant Professor,
1976-79

e Associate Professor,
1979-1983

e Professor, 1983-2007

® Professor Emeriti,
2007-2022



March 2023

of the American Mathematical Society

Volume 70, Number 3

March 2023

Yulia
Z danovska

(2000-2022)

' AMERICAN

Q
AM MATHEMATICAL

SOCIETY

" Adv ancing research. Creating connections.

> 1§ (eonditwdyTeety \ ,.
\sxmw&\

E\se. XS‘W' sy

Yulia Zdanovska was a Ukrainian mathematician

who died in a fire caused by a Russian missile
that hit her residential area in Kharkiv.

MEMORIALTRIBUTE

N Ot 1 Ce S Remembering Georgia Benkart

Alejandro Adem, Tom Halverson, Arun Ram,

and Efim Zelmanov

Georgia Benkart passed away unexpectedly in Madison,
Wisconsin, on April 29, 2022. Georgia earned her BA from

Ohio State University and her PhD in 1974 from Yale Uni-
versity under Nathan Jacobson. She was a profoundly in-
fluential scholar and leader in the fields of Lie theory, rep-

resentation theory, combinatorics, and noncommutative
algebra. She spent her career at UW-Madison, where she

was the second woman to join the department and the sec-

ond to earn tenure. At the time of Georgia’s retirement in

2006, she was the E. B. Van Vleck Professor of Mathemat-

ics. Georgia is survived by her sister, Paula Benkart, who
also attended Ohio State University and earned a PhD in
History from Johns Hopkins University in 1975.

Georgia was an inspiring teacher, the advisor to 22
PhD students, and a mentor to scores of mathematicians

around the world. She published more than 130 arti-

cles and research monographs and gave more than 350
invited talks, including plenary lectures at AMS meetings,
the AWM Noether Lecture at the Joint Mathematics Meet-
ings, and the Emmy Noether Lecture at the International
Congress of Mathematicians. Her lectures were works of
art. Without fail they were accessible to nonexperts, told
a compelling and creative story, delighted her audiences
with literary allusions and puns, and invited everyone into
the fun.

Alejandro Adem is a professor of mathematics at the University of British
Columbia. His email address is adem@math.ubc.ca.

Tom Halverson is a professor of mathematics at Macalester College. His email
address is halverson@macalester. edu.

Arun Ram is a professor of mathematics at the University of Melbourne. His
email address is aram@unimelb.edu.au.

Efim Zelmanov is a professor of mathematics at the University of California,
San Diego. His email address is ezelmanov@ucsd. edu.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2653
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Figure 1. Georgia Benkart at the graduation of her PhD
student, Dongho Moon, on May 15, 1998.

Georgia's service to the mathematical profession is le
endary. After retiring from teaching in 2006, she contii
ued an active research program in which she publishe
nearly 40 papers. At the same time, she focused her a
tention on service to her professional societies. She wa
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An Extraordinary Teacher
and Communicator

MAA Polya Lecturer

AWM-AMS Noether Lecturer
ICM Noether Lecturer

Many, many, many keynote addresses,
seminar lectures, conference
presentations

~10 big lectures per year for 40 years

> 2,000 puns delivered

Photo: Seoul ICM 2014, Courtesy IMU
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A |GENERALIZATION|OF SUBNET WITH SOME RESULTING] IMPROVEMENTS

N MOORE-SMITH CONVERGENCE THEORY

Sy NI

-

George Benkart |Jand Douglas W. Townsend
Ohilo State University

Section 1. Introdugtion.

This paper is intended to improve the theory of Moore-Smith
Convergence by generalizing the definition of subnet. We begin by
examining some short-comings of the present Moore-Smith theory of con-
vergence, Given a net S, it is possible to construct in a natural way
a filter dependent on S. From this filter a second net T may be constructed.
While S may be shown to be a subnet of T, T in general is not a subnet
of S, even though S and T generate the same filter (See example 3).
Also, given nets S and T defined on the same directed set, T may equal
S on all but one element of the directed set and still not be a subnet
of S (See example 1). These limitations in the theory illustrate the
need for a new definition of subnet.

The new definition will generalize the classical definition of
subnet., It will have the advantage of preserving the classical theorems,
while eliminating the above disadvantages. It will also yield the
following powerful result:

Given nets S and T, and filters ¢S and ¢T constructed from them,
QSg; ¢T implies T is a subnet of S under the new definition. In addition,

this result will provide an easy method for finding a common supernet for
nets S and T,

Section 2, Definition and generalization of subnet,




l. Schur-Weyl Duality
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Schur-Wey|
“"Duelity”

GB: "Contrary to what that picture might suggest, this is a story of cooperation.”



Schur-Weyl Duality

(I. Schur, 1900, H. Weyl 1939)

G = group V = finite dimensional C|G]-module

Endg(V®*) = centralizer algebra

G
S V Ok ' = Homg(V®*, V&)

“Diagonal Action” “Tensor Place Permutation”
g-(VI®V2QV3 V4R V5 QVe) V1 QV2 V3 EV4 V5 Ve

= 8V] ®ZV2 X ZV3 X ZV4 X ZVs5 Ve

Vo X V4 X V] & V5 & Vg V3



A Tale of Two Groups (AMS-MAA Keynote at JMM 1994, Cincinnati)

"It was the best of times, it was the worst of times ...”
(I. Schur, 1900)

general linear group = GL, Z, = C[S,] symmetric group algebra
\ / n>k
AN

orthogonal group = O, Bx(n) = Brauer algebra (R. Brauer, 1937)

Vo Q@ Vs ®Vy ® Vs Q Vg § o

| AL

Y Vo @V QVI® Vs ® Ve




A Tale of Two Groups (AMS-MAA Keynote at JMM 1994, Cincinnati)

"It was the best of times, it was the worst of times ...”
(I. Schur, 1900)

general linear group = GL, Z, = C[S,] symmetric group algebra
\ / n>k
AN

orthogonal group = O, Bx(n) = Brauer algebra (R. Brauer, 1937)

, S

« € o

Brauer: diagram multiplication M (2n — 1)1
S, “
B
N
¢ o




A Tale of Two Groups (AMS-MAA Keynote at JMM Cincinnati)

"It was the best of times, it was the worst of times ...”
(I. Schur, 1900)

general linear group = GL, Z, = C[S,] symmetric group algebra
\ / n>k
AN
orthogonal group = O, Bx(n) = Brauer algebra (R. Brauer, 1937)
Ul / | (2n — 1)!!
""" Symmetrlcgroup:S—partltlonalgebra

P. Martin, 1991-94 sz
VFR Jones 1993 (BeII #)



Walled Brauer Algebra (1993, JMM 1994: Tale of Two Groups)

general linear group = GL, Bk¢(n) = walled Brauer algebra
\ / (k +0)!

V®k Q) (V*)@)ﬁ @:

rational tableaux

BCHLLS: Benkart, Chakrabarti, Halverson, Leduc, Lee, Stroomer
CHILLS: Chakrabarti, Halverson, Leduc, Lee, Stroomer and 1
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GB: "A pedestrian approach to representation theory”

GB+TH 2012 MAA Mathfest Special Session in Madison, WI :
“"Walk the Walk, Talk the Talk”



SW Duality: A Story of Cooperation

NN/

VAL~ @ G'® Z; as a (G-Z,)-bimodule
A\

Z, = Endg(V®¥)

— @ m, G* as a G-module
)

= @ dy Z7 as a Z,-module
A

where dy = dim(G>‘) and my = dim(Zf(‘)



Computing Multiplicities by Walking

finite G\ /zk = Endg(V®*)
V@k

simple G modules over C: Vg, Vi,...,Vy

! M = (M ;) McKay matrix = adjacency matrix
Vi®V = ED M; iV ; Representation graph or McKay quiver
j=0 M; ; directed edges from (i) to ()

Recursion:

, 14
V®k — V®(k_1) RV = (@ mkl,,-V,-) RV = @ mk—l,i(vi®v)
i=0 1=0



McKay quiver

1 2 3
O—0—~0@—0C—0O

(3):
@)

multyex (Vi) = # walks

from @to@ of length
k on the McKay quiver

Bratteli diagram

kg 1: G =T = 2A4 binary tetrahedral group of order 24
simple modules over C: Vo V5, V3, Vy, V3, Vy

V =V,
decompose: V Ok

mUItv®k(V,‘)
= # paths from @

to@of length k on
the Bratteli Diagram

16 =6+5+5

multys«(V;) = dim(Z})




Finite Subgroups of SU(2)

Felix Klein (1900) John McKay (1980)

1. cyclic group n Lin «—> A 1-1 correspondence
with the simply-laced

affine Dynkin diagrams
of type A-D-E

2. binary dihedral 4n )y =2D, <—» 6n+2

@binary tetrahedral 24 ' =2A; <+«——> Eq4

4. binary octahedral 48 (O =254 <+—— E-

5. binary icosahedral 120 —



McKay Centralizer Algebras (Barnes-B-H, 2016)

G finite subgroup of SU(2) (Chs Ap_1) (D,1, Dyrio)

2 : L s s 2
V=C_C o OO O O O O
Zi = Endg(VE*) { 1
g <TLk7 pb | b E branCh> (T,EG) (O,E7)
Temperley-Lieb algebra @ ®
+ projector at each branch >

in the Dynkin diagram




Eg.2: G =S, V = permutation module

V®k = @ mk,AS)‘ decomposition as an S, module
An

Tensor Identity: SA RV = Indg”_lResg”_l(S)‘)

D D

v=p+L]l pu=A—

1




Representation Graph: (Ss,S3) and Py (4)
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Set Partition Tableaux

8]
1,2 [Orellana, Zabrocki]

[Colmenarejo, Orellana,
Saliola, Schilling, Zabrocki]

Martin-Woodcock 99:
"It is possible that the kernel

Is idempotently generated”




lll. Invariant Theory

GB: What's an Invariant? It's something that doesn’'t move when you act on it



Classical Invariant Theory

(@) W : C[Sk] — EndgL (V®X) [Schur, 1900 Thesis]

(FFT) The map is surjective for all k.
(SFT) If k < n then ker(W) = 0, the only relations come from S

If k> n then ker(\lf) — <en+1> where eni1 = Z sign(o)o

(b) W : By(n) — Endg, (V®*) [R. Brauer 1937]

(FFT) The map is surjective for all k
(SFT) If k < n then ker(V) = 0.

If k > n, then ker(V) = (e) is generate by anidempotent e.
[Hu-Xiao, ‘10], [Leher-Zhang, '12,'15], [Rubey-Westbury, '14,/15]



Invariant Theory
(c) V: P,(n) — Ends_(V&X)

(FFT) The map is surjective for all k [Martin], [Jones]
and is injective if k£ < n/2.

(SFT) What is the kernel of the Partition algebra?



Invariant Theory
(c) V: P,(n) — Ends_(V&X)

(FFT) The map is surjective for all k [Martin], [Jones]

and is injective if k < n/2. |GB-TH] ([Rubey-Westbury|)

(SFT) n
0, K< 2 GB: “essential essential
ker(V) = (€k.n)s 5 < k<n 1dempotents”

(€nn)y k>n

Orbit Basis

es5=obd =l 1 - 11111 -30 -3 - -2
T 0 (D Qs & (RN, o VIS db (D NID Tl (D IR 3 (B DB~ — B B 0 |



SO much more...

Extensions, generalizations of these topics

With Laura
Colmenarejo,
Pamela Harris, Rosa

With Persi Diaconis,

With Dongho Moon

Poincare Series Pham Huu Diep
and Invariant Theory

via McKay quivers Schilling, Martha Yip

Martin Liebeck,

Orellana, Greta
Tensor Product Markov Panova, Anne

Chains using the McKay

Correspondence Minimaj-preserving
crystals on ordered

multiset partitions

With Alberto Elduque

Cross products,
invariants, and
centralizers

and Characters

With Rekha Biswal,

With Caroline Klivans,

Ellen Kirkman, Van
Neuvyen, |Jieru Zhu

and Vic Reiner

Chip Firing and Critical
Groups using McKay
Quivers

McKay Matrices for
finite dimensional Hopf
algebras




Georgia In “Retirement”

Since 2007 ...

e 46 papers e AWM President
e 6 big awards e MSRI Trustee
e > 100 lectures! e AIM Advisory Panel

e AMS Associate Secretary
e Council Member
e JMM Planning(4)

e 3 prize committees

Supportive collaborations
Mentoring
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Southeast Lie Theory Seminar
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Southeast Lie Theorvy Seminar Univ. of Georgia
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Georgia Ben kart Her enthusiasm for mathematics

was infectious. She provided expert

mathematical and professional
advice, was incredibly patient as we
~ PaulHalmos made mistakes, and wrote c_ountless
. Collection - letters of recommendation.
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1979 Indiana University

Even when intensely busy in her
role as an AMS associate secretary,
Georgia would somehow magically

appear at the AMS session when
one of our group members spoke.

Georgia was a kind, gentle, warm,
brilliant, humble, and generous
person, with a wonderful sense of
humor and much common sense.

Ellen Kirkman
AMS Notices Memorial Article
March 2023




