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Motivating Question

Find a diagrammatic basis for the space of invariant tensors Inv(V ⊗n) that respects the natural
cyclic action of Cn and where V is:

the spin representation of type B
the vector representation of type C
the vector representation of type B (not shown on poster)

HighestWeightWords ofWeight Zero

Cyclic action on invariant tensors of V ⊗n←→ promotion on HWW0 in crystal B⊗n [12].

r-fans of Dyck paths of length n←→ HWW0 in B⊗n
spin of type Br

F = ((000), (111), (220), (111), (000))↔ (−,−,−)⊗ (−,−, +)⊗ (+, +,−)⊗ (+, +, +) ∈ B⊗4
spin

r-symplectic oscillating tableaux of length n and weight ∅ ←→ HWW0 in C⊗n
vec of type Cr

O = ((000), (100), (110), (210), (211), (111), (110), (100), (000))↔ 1̄⊗ 2̄⊗ 3̄⊗ 1̄⊗3⊗1⊗2⊗1 ∈ C⊗8
vec

Chord Diagrams via Promotion

1. Promotion scheme 2. Cut and glue 3. Filling Φ 4. Adjacency matrix 5. Chord diagram
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Promotion (via local rules) and Filling Rule

The local rules of Lenart [7] can be stated as follows: four weight vectors λ, µ, κ, ν ∈ Λ depicted

in a square diagram

λ ν

κ µ satisfy the local rule, if µ = domW (κ + ν − λ). Promotion on highest
weight elements in minuscule crystals can be defined via the local rules as shown below.

pr(000, 111, 222, 311, 220, 111, 222, 111, 000) 7→ (000, 111, 200, 111, 200, 311, 200, 111, 000)

000 111 200 111 200 311 200 111

111 222 311 220 111 222 111 000
1 2

The filling rule for oscillating tableaux and r-fans of Dyck paths is

Φ(λ, κ, ν, µ) = number of negative entries in κ + ν − λ

F = (000, 111, 222, 311, 220, 111, 222, 111, 000) to Chord Diagram

1) Promotion scheme 2-3) Cut and glue & Filling

000 111 222 311 220 111 222 111 000
000 111 200 111 200 311 200 111 000

000 111 220 311 422 311 222 111 000
000 111 220 331 220 311 200 111 000

000 111 222 111 220 111 220 111 000
000 111 000 111 200 311 220 111 000

000 111 222 311 422 331 222 111 000
000 111 200 311 220 111 000 111 000

000 111 222 311 220 111 222 111 000

000 111 222 311 220 111 222 111 000

111 000 111 200 111 200 311 200 111

222 111 000 111 220 311 422 311 222

311 200 111 000 111 220 331 220 311

220 111 220 111 000 111 222 111 220

111 200 311 220 111 000 111 000 111

222 311 422 331 222 111 000 111 222

111 200 311 220 111 000 111 000 111

000 111 222 311 220 111 222 111 000
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4) Adjacency matrix MF (F)

0 0 0 1 0 0 0 2
0 0 2 0 1 0 0 0
0 2 0 1 0 0 0 0
1 0 1 0 1 0 0 0
0 1 0 1 0 0 0 1
0 0 0 0 0 0 3 0
0 0 0 0 0 3 0 0
2 0 0 0 1 0 0 0



5) Chord diagram
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Virtual crystal Br ↪→ Cr spin to vector

Define an ordering < on the set [r] ∪ [r̄] as follows: 1 < 2 < · · · < r < r̄ < · · · < 1̄
V := {vr ⊗ vr−1 ⊗ · · · ⊗ v1 ∈ V̂ | vi > vj and |vi| 6= |vj| for all i > j} ⊆ C⊗r

vec

Let fi = f̂2
i , ei = ê2

i for 1 6 i < r and fr = f̂r, er = êr.

Proposition: V is a virtual crystal for the embedding of Lie algebrasBr ↪→ Cr and is isomorphic

to Bspin.

This gives a map ι from r-fans of Dyck paths to r symplectic oscillating tableaux.

ι(F) = ((000), (100), (110), (111), (211), (221), (220), (221), (211), (111), (110), (100), (000))

Proposition: For an r-fan of Dyck paths F ,

ι ◦ pr(F) = prr ◦ ι(F)
and

MF (F)
blowupSE

r−−−−−→←−−−−−−
blocksumr

MO(ι(F)).

Chord Diagrams via Fomin Growth Diagrams

Given a square diagram with filling

α β

γ δ , the local growth rules for oscillating tableaux are
given by: (F1) β′ = sort(α′ + γ′ − λ′) if the filling is 0 (F2) β = γ + e1 if the filling is 1.

To construct the adjacency matrix GO(O) or GF (F):

1) Label the hypotenuse of a staircase Ferrer shape with O or F respectively.
2) Apply the inverse local growth rules.

3) Turn the growth diagram filling into a symmetric matrix.

Growth Diagram of F = (000, 111, 222, 311, 220, 111, 222, 111, 000)
1-2) Growth diagram of F
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3) Adjacency matrix GF (F)

0 0 0 1 0 0 0 2
0 0 2 0 1 0 0 0
0 2 0 1 0 0 0 0
1 0 1 0 1 0 0 0
0 1 0 1 0 0 0 1
0 0 0 0 0 0 3 0
0 0 0 0 0 3 0 0
2 0 0 0 1 0 0 0



Main Result

Theorem: For an oscillating tableau of weight zero O and an r-fan of Dyck paths F , we have
MO(O) = GO(O) and MF (F) = GF (F).

Corollary: The maps MO and MF are injective and intertwine promotion and rotation.

Cyclic Sieving Phenomenon

LetX be a set with an action of the cyclic groupCn = 〈g〉 and f (q) ∈ N[q]. The triple (X, Cn, f (q))
exhibits the cyclic sieving phenomenon (CSP) if f (e

2dπi
n ) = |{x ∈ X|gd · x = x}| for all d ∈ N.

Theorem [3, 12]: Let X be the set of HWW0 in B⊗n where B is minuscule. Then the triple
(X, Cn, fn,r(q)) exhibits the CSPwhere Cn acts by promotion and fn,r is the energy generating

function over the set of HWW0 in B⊗n.

Conjecture: The triple (F2n,r, C2n, gn,r) exhibits the CSP where F2n,r is the set of r-fans of

Dyck paths of length 2n, C2n acts via promotion, and gn,r =
∏

16i6j6n−1
[i+j+2r]q

[i+j]q .

CSP Example for F6,2

Orbit representatives after applying MF :
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Generating functions:

q−6f6,2(q) = q10 + q9 + 2q8 + q7 + 3q6 + q5 + 2q4 + q3 + q2 + 1
g3,2(q) = q12 + q10 + q9 + 2q8 + q7 + 2q6 + q5 + 2q4 + q3 + q2 + 1
f6,2(q) ≡ g3,2(q) ≡ q5 + 3q4 + 2q3 + 3q2 + q + 4 mod(q6 − 1)
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