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Overview
▶ We introduce refined canonical stable Grothendieck polynomials and their duals.
▶ We give Jacobi–Trudi-like formulas, and combinatorial models, Schur expansions, Schur

positivity, and dualities of them.

Grothendieck polynomials
▶ Grothendieck polynomials were introduced for studying the Grothendieck ring of vector bundles

on a flag variety.
Grothendieck by Lascoux and Schüzenberger (1982)
+ stable by Fomin and Kirillov (1994)
+ canonical by Yeliussizov (2017)

G(α,β)
λ (xn) =

det
(
xλi+n−i
j (1 + βxj)i−1(1− αxj)−λi

)
1≤i,j≤n∏

1≤i<j≤n(xi − xj)
.

Notations

Complete homogeneous symmetric function

hn(x) =
∑

i1≤···≤in

xi1 · · · xin.

Elementary symmetric function

en(x) =
∑

i1<···<in

xi1 · · · xin.

Plethystic substitutions
For any symmetric function f (x),

f [z1 + z2 + · · · ] = f (z1, z2, . . . ).

For any formal power series Y and Z ,

hn[−Z ] = (−1)nen[Z ], en[−Z ] = (−1)nhn[Z ],

and
hn[Y + Z ] =

∑
a+b=n

ha[Y ]hb[Z ], en[Y + Z ] =
∑

a+b=n

ea[Y ]eb[Z ].

New operation ⊖
We define

hn[Y ⊖ Z ] =
∑

a−b=n

ha[Y ]hb[Z ], en[Y ⊖ Z ] =
∑

a−b=n

ea[Y ]eb[Z ].

Schur functions

Definition

sλ(xn) =
det(xλi+n−i

j )1≤i,j≤n∏
1≤i<j≤n(xi − xj)

.

Combinatorial interpretations
sλ(x) =

∑
T∈SSYT(λ)

xT .

≤

< 1 1 2 3
3 4 4 → wt = x21x2x

2
3x

2
4x5

5

Hall inner product
⟨sλ(x), sµ(x)⟩ = δλ,µ.

Jacobi–Trudi formula / dual Jacobi–Trudi formula

sλ/µ(x) = det
(
hλi−µj−i+j(x)

)ℓ(λ)
i,j=1

,

sλ′/µ′(x) = det
(
eλi−µj−i+j(x)

)ℓ(λ)
i,j=1

.

Involution ω
ω
(
sλ/µ(x)

)
= sλ′/µ′(x).

Main definitions (Refined canonical stable Grothendieck polynomials)

Let Ak = α1 + · · · + αk and Bk = β1 + · · · + βk.

Gλ(xn;α,β) : =
det

(
xλi+n−i
j

∏i−1
ℓ=1(1− βℓxj)

∏λi
ℓ=1(1− αℓxj)−1

)
1≤i,j≤n∏

1≤i<j≤n(xi − xj)

=
det

(
hλi+n−i[xj ⊖ (Aλi − Bi−1)]

)
1≤i,j≤n∏

1≤i<j≤n(xi − xj)
,

gλ(xn;α,β) :=
det(hλi+n−i[xj − Aλi−1 + Bi−1])1≤i,j≤n∏

1≤i<j≤n(xi − xj)
.

Remark
Let 0 = (0, 0, . . . ), 1 = (1, 1, . . . ), α0 = (α, α, . . . ) and β0 = (β, β, . . . ). Our generalizations
Gλ(x;α,β) and gλ(x;α,β) generalize several well-studied variations of Grothendieck polynomials:

Variations of G and g introduced by how to specialize
Gν/λ(x) Buch (2002) Gν/λ(x; 0, 1)
gλ/µ(x) Lam–Pylyavskyy (2007) gλ/µ(x; 0, 1)

G(α,β)
λ (x) Yeliussizov (2017) Gλ(x;α0,−β0)

g(α,β)λ (x) Yeliussizov (2017) gλ(x;−α0,β0)
RGσ(x;β) Chan–Pflueger (2021) Gσ(x; 0,β)
g̃λ/µ(x;β) Galashin–Grinberg–Liu (2016) gλ/µ(x; 0,β)

Gλ/µ,f /g(x) Matsumura (2018) Grow(g,f )
λ/µ

(x; 0,−β0)

g̃row(r,s)
λ/µ

(x;β) Grinberg (private communication), Kim (2022) grow(r,s)
λ/µ

(x; 0,β)

Schur expansions

Let λ ∈ Parn. We have

Gλ(xn;α,β) =
∑
µ⊇λ

Cλ,µ(α,β)sµ(xn), gλ(xn;α,β) =
∑
µ⊆λ

cλ,µ(α,β)sµ(xn),

where

Cλ,µ(α,β) = det
(
hµi−λj−i+j[Aλj − Bj−1]

)n
i,j=1

,

cλ,µ(α,β) = det
(
hλi−µj−i+j[−Aλi−1 + Bi−1]

)n
i,j=1

.

Schur positivity + Combinatorial models I

Gλ(x;α,β) =
∑
µ⊇λ

∑
(E,T )∈IETZ(µ/λ)×SSYT(µ)

wt(E)xT ,

where wt(E) =
∏

(i,j)∈µ/λ(αE(i,j) − βE(i,j)−c(i,j)), and c(i, j) = j − i.

gλ(x;α,β) =
∑
µ⊆λ

∑
(E,T )∈ETZ(λ/µ)×SSYT(µ)

wt′(E)xT ,

where wt′(E) =
∏

(i,j)∈λ/µ(−αE(i,j)+c(i,j) + βE(i,j)). Moreover, Gλ(x;α,−β) and gλ(x;−α,β) are
Schur-positive.

Inelegant tableaux reverse-SSYTZ with

λi ≥ (entries in row i) > min(µi − i, 0).

IETZ(µ/λ)× SSYT(µ)
≥
3 3 2

< 2 2 1
1 1 1

0 −1

,

1 1 2 2 4 4
2 3 3 4 5 5
4 5 5 5
7 8


wt = α3α3α2α2α2α1(α1 − β2)(α1 − β1)α1

× (−β3)(−β1)x21x
3
2x

2
3x

4
4x

5
5x7x8

Elegant tableaux SSYTZ with

min(i − µi, 1) ≤ (entries in row i) < i.

ETZ(λ/µ)× SSYT(µ)
≤

< −1
0 1

1 2 2 2
2 3

,
1 1 2
2 3


wt = (−α2)(−α1)(−α3 + β1)β1(−α1 + β2)

× (−α2 + β2)(−α3 + β2)β2(−α1 + β3)x21x
2
2x3

Combinatorial models II

Gλ(x;α,β) =
∑

T∈MMSVT(λ)

wt(T ),

where wt(T ) =
∏

(i,j)∈λ x
T (i,j)α

unmarked(T (i,j))−1
j (−βi)

marked(T (i,j)),

gλ(x;α,β) =
∑

T∈MRPP(λ)

wt′(T ),

where wt′(T ) =
∏

(i,j)∈λwt
′(T (i, j)), and

wt′(T (i, j)) =


−αj if T (i, j) is marked,
βi−1 if T (i, j) is not marked and T (i, j) = T (i − 1, j),
xT (i,j) if T (i, j) is not marked and T (i, j) ̸= T (i − 1, j).

marked multiset-valued tableauxMMSVT(λ)

▶ entries: multisets {a1 ≤ a2 ≤ . . . },
▶ ai can be marked if ai−1 < ai.

≤

1, 1, 2∗ 2, 2, 3∗ 4

< 3, 4 4, 4, 5 5, 5, 5

5, 7∗, 8

wt = α31α
3
2α

2
3(−β1)

2(−β3)x21x
3
2x

2
3x

4
4x

5
5x7x8

marked reverse plane partitionsMRPP(λ)

▶ entries: integers Ti,j,
▶ Ti,j can be marked if Ti,j = Ti,j+1.

≤

1∗ 1 1 2

≤ 1∗ 1 2 2

1 2∗ 2 2

3∗ 3

wt = (−α1)
3(−α2)β

2
1β

3
2x

2
1x

2
2x3

Duality with respect to the Hall inner product

⟨Gλ(x;α,β), gµ(x;α,β)⟩ = δλ,µ.

Jacobi–Trudi-like formulas

Let λ and µ be partitions with at most n parts and µ ⊆ λ. Let r = (r1, . . . , rn) and s = (s1, . . . , sn)
be positive integer sequences of length n. Suppose that ri ≤ ri+1 and si ≤ si+1 whenever µi < λi+1.
Then

Grow(r,s)
λ/µ

(x;α,β) = C det
(
hλi−µj−i+j[X[rj,si] ⊖ (Aλi − Aµj − Bi−1 + Bj)]

)n
i,j=1

,

Gcol(r,s)
λ′/µ′ (x;α,β) = D det

(
eλi−µj−i+j[X[rj,si] ⊖ (Ai−1 − Aj − Bλi + Bµj)]

)n
i,j=1

,

grow(r,s)
λ/µ

(x;α,β) = det
(
hλi−µj−i+j[X[rj,si] − Aλi−1 + Aµj + Bi−1 − Bj−1]

)n
i,j=1

,

gcol(r,s)
λ′/µ′ (x;α,β) = det

(
eλi−µj−i+j[X[rj,si] − Ai−1 + Aj−1 + Bλi−1 − Bµj]

)n
i,j=1

,

where X[r,s] = xr + xr+1 + · · · + xs, and

C =

n∏
i=1

si∏
l=ri

(1− βixl), D =

n∏
i=1

si∏
l=ri

(1− αixl)
−1.

Involution ω

ω
(
Gλ/µ(x;α,β)

)
= Gλ′/µ′(x;−β,−α),

ω
(
gλ/µ(x;α,β)

)
= gλ′/µ′(x;−β,−α).

Open problem. Find a bijective map fromMMSVT(λ) to ∪µ(IETZ(µ/λ)× SSYT(µ)), or from
MRPP(λ) to ∪µ(ETZ(λ/µ)× SSYT(µ))?
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