Refined canonical stable Grothendieck polynomials and their duals

Overview

We introduce refined canonical stable Grothendieck polynomials and their duals.

We give Jacobi-Trudi-like formulas, and combinatorial models, Schur expansions, Schur

positivity, and dualities of them.

Grothendieck polynomials

Grothendieck polynomials were introduced for studying the Grothendieck ring of vector bundles

on a flag variety.

Grothendieck by Lascoux and Schiizenberger (1982)

+ stable by Fomin and Kirillov (1994)

+ canonical by Yeliussizov (2017)
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Combinatorial interpretations
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Main definitions (Refined canonical stable Grothendieck polynomials)
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Remark

Let 0 = (0,0,...),1=(1,1,...), a0 = (a,a,...) and By = (B, B, ... ). Our generalizations
Gy(x; a, 3) and g\ (x; a, B) generalize several well-studied variations of Grothendieck polynomials:

Variations of G and g introduced by how to specialize
G, /(%) Buch (2002) G, /\(x;0,1)
Er/ulx) Lam—Pylyavskyy (2007) 8/u(x;,0,1)

Gg\a’ )(x) Yeliussizov (2017) Gy (x; g, — o)
gg\a’m(x) Yeliussizov (2017) 2\ (x; —ay, Bo)
RG;(x; 3) Chan-Pflueger (2021) Gy(x;0,0)
g)\/u(x; 5) Galashin—Grinberg—Liu (2016) gA/M(x; 0,3)
Gy /p.f/g(*) Matsumura (2018) Gi\()/VL(g’f) (x;0,—Gp)
g;O/VL(r’S> (x; B) Grinberg (private communication), Kim (2022) gi?VZL(r’S)(x; 0,3)

Schur expansions

Let A\ € Par,. We have
Gr(xn;, B) = Y Cy (ax, B)su(xn), g\(xnia, B) = > ¢y (o, B)su(xn).
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Schur positivity + Combinatorial models I
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Schur-positive.
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Combinatorial models Il

Grxa,B)= > wi(T),
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gxio,B)= > wi'(T),

TeMRPP()\)
where wt'(T) = i j)en wt/(T(i, j)), and

—aj  if T(i,j) is marked,
wt'(T(i,j)) = { Bi—1  if T(i,j) is not marked and T(i,j) = T(i — 1,J),
xr(ij) if T(i,j) is not marked and T(i, ) # T(i — 1, ).

marked multiset-valued tableaux MMSVT()\) marked reverse plane partitions MRPP())

! entries: integers Tj j,

entries: multisets {a; < ay <
Ti,j can be marked if TiJ — Ti,j+1°

a; can be marked if a;_1 < a;.
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Duality with respect to the Hall inner product
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Jacobi-Trudi-like formulas

Let A and 1 be partitions with at most n partsand u C \. Let r = (rq,...,ry) and s = (s1,.. ., Sp)
be positive integer sequences of length n. Suppose that r; < r;11 and s; < sj11 whenever u; < Ajy1.
Then
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Involution w

W (G}\/M(x; (8 ,3)) — G)\//u/(x; —,3, —a),
W (g)\/lu<x; «, /8)) — g)\’/lu’(x; _/87 _a)

Open problem. Find a bijective map from MMSVT(A) to U, (IET7(xe/A) x SSYT(u)), or from
MRPP(X) to Uy, (ET7(A/p) x SSYT(1))?
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