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Definitions and Examples The Inequalities

e P C R?is a d-dimensional lattice polytope, i.e., the convex hull

of finitely many points in Z¢ . Theorem 1 Similarities with f-vectors:
e nP:={np:pc P} is the n-th dilate of P, n € N. Example: The : The f*-vector of a d-dimensional lattice polytope satisfies f&(P) = #{k-dimensional faces in P}).
o chrp(n) := [nP NZ% is the Ehrhart polynomial of P. 6th  dilate of . [ < < << f[kij—1 < ffij & fiﬁj S>> f » The f-vector .of a simpl?cial .(i.e.,
o Exoressed in different bases P =10,1]2. [3] . 2 2 1 the faces are simplices) d-dimensional
P | o and polytope satisfies all inequalities in
d d To ) ) Theorem 1 (Bjorner [5,6]).
d—k —1 < Ja-1- |
ehrp(n) = th (n+d > a Zﬁ; (nk ) h 2 A In fact, the decrease starts from
o=0 =0 > ehrp(n) =(n+1) for 0 <k < 5% and d > 2. S
1 .
e h*-vector of P:  h*(P) = (hgy,hi,..., hy) > {(h?n 1, hs) =(1,1,0) Moreover, if b # 0 and h*(P) # (1,1,...,1) then for 0 < k < g,
® f*-vector of P: f*(P):(filjfgjff’.“’fgg%where fjlz (f—17f07f17f2):(1747572)

< i & fy < f7.
e Advantage: h*(P) and f*(P) are non-negative for all P. [1,2] Note that Je < Ja-r fo = Ja
ote tha

o f7=vol(P)-d!is the normalized volume of P

p Triangulation:
e The degree of P is the degree of h*(P;x) := >, _, h} x".

1'="17 U5

o ff%J > f[k%Hl holds among the coefficients of the f*-vector of

the d-dimensional simplex A.

e For a unimodular triangulation 7" of P . f[‘S_dJ_l < f[kﬁj holds among the coefficients of the f*-vector of
4 4

> f(T) — (1, 4,9, 2) the d-dimensional cube P = [—1, l]d for d = 2. Poset visualisation [7]

fo(P) = fi(T) := #{k-dimensional faces in T'}.

About Symmetry Gorenstein Polytopes

.k 2. —
The standard simplex A := conv{ey,...,eq11} (and its lattice equivalents) is the only P is Gorenstein of index g, g > 1, whenever h*(P;x) has degree Example: 2*([0, 1]%2) =1 +2
lattice d-dimensional polytope with symmetric f*-vector: d+ 1 — g and is symmetric with respect to its degree. hence [0, 1] is Gorenstein of index 2.

Theorem 2

= (74 6) =

The f*-vector of a d-dimensional lattice polytope that is Gorenstein of index g satisfies

d+1—g
5 .

About Unimodality

1
f,j>--->ffﬂj>--->f;§, fork:§<d—1+

The f*-vector of P is called unimodal if f*; <... < >, < f>> f*, >...> f; for some p.

Unimodal examples Non-unimodal example

Future Work

The f*-vector of a d-dimensional polytope P The f*-vector of the simplex (introduced in

N _ Compute more examples of f*-vectors and look for a combinatorial interpretation.
of degree s is unimodal if: 4]) A, = conv{O,el,eg, ...,614,w}, where

Is /*(P) unimodal when P admits a unimodular triangulation?

» s<5 or w=(1,...,1,131,...,131,132),
——_——— N —’
» d <13 or 7 7

> d> 252 — 25— 2. satisfies foa > fo < f{o > fi1. Here d = 15.

Are there polytopes with unimodal h*-vector and nonunimodal f*-vector? (The converse is not true.)

Is there a polytope of dimension 14 with non-unimodal f*-vector?

What about log-concavity or real-rootedness of the f*-polynomial of Pyr"(P) for sufficiently large n?

>
>
>
>
>
>

Can we understand the f*-vector of the interior or the boundary of a polytope?

Given a polytope P C R%, we denote by Pyr(P) C R4 the convex hull of P and the unit vector e44.

Proposition
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