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INTRODUCTION

We introduce an algorithm to compute the degrees of 321-
avoiding unspecialized Grothendieck polynomials. Our result
provides an algorithm to compute the CM regularity of 321-
avoiding Kazhdan—-Lusztig ideals. This extends the work of
an earlier paper of Rajchgot, the author, and Weigandt (2023)
which gives a formula in the Grassmannian case.

KAZHDAN—-LUSZTIG VARIETIES

Consider the Schubert variety X,, and the opposite Schubert
cell €22 in GL,,(C).

Theorem 1 (Kazhdan-Lusztig, ’79)

X, Nw, = (X, NN x CHW

Of particular interest is the Kazhdan-Lusztig variety
Noyw = Xy N QS
defined by Woo-Yong '06. For w < u, N, ., has defining ideal

L,w = (rw(t,7) + 1 minors of z;«;(u)).

Example 2 Consider w = 4132, u = 4231.

Iu,w — <Z11, <129 2139 <11 — <12<21y —<12<31» —231>

For coordinate ring S/ I, where S is standard graded, consider
its minimal free resolution

0= P S(—j) —---— P S(—3)* — S/I — 0.

The algebraic invariant CM regularity of S/I is given by
reg(S/I) :=max{y — | Bi; # 0}.

Using Benedetti—Varbaro '15 and Woo—-Yong'12:

Proposition 3 (Rajchgot-R.-Weigandt '23) For u,w € S,
321-avoiding

reg(CiNuyw]) = deg (S ) — £(w),

where &, ., IS the unspecialized Grothendieck polynomial.

CONNECTION TO EXCITED YOUNG DIAGRAMS

Letu > w € S, be 321-avoiding. Define R, as the skew

Young diagram associated to u. Place +'s in 'R,, marking the
earliest subword of w in w. Gall this diagram D, (u, w).

A K-excited move on a diagram D in R, is the local operation
on a 2 X 2 subsquare of D such that

_|_

—> U T .
T T

A K-skew excited Young diagram of w In u IS a diagram
obtainable via successive K-excited moves on D, (u,w).

Example 4 Below are the diagrams corresponding to u =
47128356 and w = 14273568.

Call the collection of these diagrams for u,w SEYD(u,w).

Proposition 5 (R., '23) Foru > w € S,, 321-avoiding

deg(®By.w) = max{#D | D € SEYD(u, w)}.

We give an algorithm to construct D € SEYD(u, w) to max-
imize # D, the number of 4+'s in D. This algorithm computes
a statistic A, ., In terms of maximal antidiagonals in D.
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Example 6 Below we illustrate our algorithm for particular
u, w € Sis,

T a
+

Then deg(®,w) = b(w) + (3+4) =14 4+ 7 = 21.

Combining Propositions 3 and 5 with our algorithm:

Theorem 7 (R., '23) Let u > w € S,, be 321-avoiding. Sup-
pose D;.,(u,w) has s connected components. Then

I‘eg(C[Nu,w]) — Z | Au,w(q)]-
]

q€|s

Thus for u, w as in Example 6, reg(C[N,..]) = 7.

APPLICATION

A two-sided ladder L is a skew-Young diagram filled with In-
determinates. The ideal Iy, is generated by the northwest r;
minors of L and defines the two-sided mixed ladder deter-
minantal variety C[L]/I;.

r;

Escobar—Fink—Rajchgot-Woo 23+ prove that C[L|/I;. =
C[Nu(L)wr)] Where u(L),w(L) € S,, are 321-avoiding.

Corollary 8 (R., '23) For a two-sided ladder L,

reg(CIL)/I1) = 3 |1Auw)win) (@)

q€<(s]




