Background

Let m = mymy ... m, be a sequence of positive integers. We say that 7 is a
e descent if m; > w1 or 1 = m,

e ascent if m; < m; . ori=0,

e plateau if m; = m;,1.

des(7) = number of descents of 7

asc(m) = number of ascents of 7

plat(m) = number of plateaus of 7

wdes(m) = des(m) 4 plat(m) = number of weak descents of 7

The Eulerian polynomials

An(t)y =) 4,

TES,
appear as numerators of the series

n+1’
= (1 —¢)t

Their exponential generating function is

Alt,z) =) Au(t)

n>0

Z" B 1 —t
nl 1 — tel-0)z

Stirling permutations
Consider the multiset [n| U [n] .= {1,1,2,2,...,n,n}.

Definition (Gessel-Stanley [5])
A Stirling permutation is a permutation 77y . . . T, of |n| L [n| that avoids the
pattern 212, 1.e., there do not exist ¢ < j < £ such that m; = m, > ;.

Q,, = set of Stirling permutations of [n| U [n].
Define the Stirling polynomials

Qn(t) _ Z tdes(w).

TE Qn

Example: 13324421 € Q,, but 312321 ¢ Qs

Theorem (Gessel-Stanley [5])

(T
ZS(m +n,m)t" = q ? t()2)n+1’

m>0

where S( , ) denotes the Stirling numbers of the second kind.

Theorem (Bodna [2])

2n+1
3

2n+1
3

2n—+1

- descents and

e On average, permutations in @, have
plateaus.

ascents,

e The distribution of the number of descents on Q,, is asymptotically normal.

Gessel and Stanley also defined k-Stirling permutations as permutations of the
multiset {1%,2% ..., n*} that avoid the pattern 212,
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Noncrossing permutations

Definition (Archer et al. [1])
A noncrossing (or quasi-Stirling) permutation is a permutation mmy. . . 7wy, of

in|Un] that avoids the patterns 1212 and 2121, i.e., there donot exist 1 < j < k < /
with m; = m, and 7; = 7.
Q,, = set of noncrossing permutations of [n] U [n].
Define the quasi-Stirling polynomials
Q- Y e
TEQy,
and their exponential generating function

Qlt.2) = 3@ty

n>0

4431152253 € Q; 312321 ¢ Q3  Viewed as labeled noncrossing matchings,
— 2n)!

SN % 19Q,,| = nlCat, = (2n) .

4431152253 123 (n+1)!

Main theorem ([4])

Q)(t, z) satisfies the implicit equation

Q(ta Z) — A(ta ZQ(ta Z)) —

1 —1
] — t€<1—t>ZQ(t,Z)'

Its coeflicients satisty

The proot uses a bijection to edge-labeled plane rooted trees:

1 (/0 \2 <— 4114663 775885223

Corollary ([4], conjectured in [1])

The number of 7 € Q,, with des(w) = n is equal to (n + 1)1,

We also have a direct bijective proof.

Corollary ([4])

Theorem ([4])

L ascents, 22 descents and ™ plateaus.

e On average, permutations in @, have g ;

o The coefficients of @, (t) are unimodal and log-concave.

e The distribution of the number of descents on Q,, is asymptotically normal.

Most of these results extend to k-quasi-Stirling permutations, which are permu-
tations of the multiset {1%, 2% ... n*} that avoid the patterns 1212 and 2121.
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Nonnesting permutations

Definition
A nonnesting (or canon) permutation is a permutation mmy . ..y, of [n] L [n]
that avoids the patterns 1221 and 2112, i.e., there do not exist 1 < 7 < k < £ with

m; = mp and T; = .

C, = set of nonnesting permutations of [n] LI [n].

Consider the polynomials

Cn(t, U,) _ Z tdes(ﬁ)uplat(ﬂ).

mel,
3532521414 € C; 312321 ¢ C; Viewed as labeled nonnseting matchings,
2n)!
7S OSSN ‘Cn‘ = nlCat, = ( n) .
3532521414 1237 (n+ 1)

7 is nonnesting <= subsequence of first copies = subsequence of second copies

A peak in a Dyck path D € D,, is low if it touches the z-axis, and high otherwise.

has 1 low peak and 3 high peaks.

The Narayana polynomials

]\fn(t7 u) — E t#hlgh peaks of Du#low peaks of D
DeD,

have a well-known generating function
n 2
Z Ny(t,u)z" = |
>0 L+ (1+t—2u)z+/1—=2(1+1)z+ (1 — t)22?

Main theorem ([3])

C,\(t,u) = A, (t) N,(t,w).

As a consequence, since the polynomials A, (t), N,(t, 1) and N, (t,t) are palindromic,
so are C(t,1) = A, (t)N,(t, 1) and C),(t, t) = A, (t)Ny(t, 1),

Corollary ([3])

The distributions of descents and weak descents on C,, are symmetric: for all r,

{m € C,:des(m)=r} =|{m €, :des(m) =2n —r},
{m € C,:wdes(m) =r}| =|{r €C, : wdes(m) =2n+2 —r}|.

—

We have bijective proofs of these symmetries but they are surprisingly Complicated!J
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