
A combinatorial interpretation of the NSym inverse Kostka matrix
Sarah K Mason and Edward E Allen

Department of Mathematics, Wake Forest University

The classical inverse Kostka matrix

• hk =
∑

1≤i1≤···≤ik

xi1 · · · xik
, hλ = hλ1hλ2 · · · hλℓ

• Jacobi-Trudi formula: If λ = (λ1, λ2, . . . , λℓ), then
sλ = det(hλi+j−i)i,j.

• The inverse Kostka matrix K−1 is the transition matrix
from {sλ}λ⊢n to {hλ}λ⊢n in Sym.

• Eğecioğlu and Remmel [4]: Fill partition diagrams
with “special rim hooks” and assign signed weights to
these fillings to obtain the inverse Kostka matrix entries.

Immaculate functions Sµ [2]

• {H1, H2, . . .} = algebraically independent functions that
don’t commute; for any composition α = (α1, . . . , αℓ),

Hα = Hα1Hα2 · · · Hαℓ
.

• NSym is generated by H1, H2, . . . (with no relations).
• Let Mµ be the matrix (Mµ)i,j = Hµi+j−i. Then

Sµ = det(Mµ),
where det is the NSym determinant.

Main goal and results:

The main goal of this project is to generalize the Eğecioğlu-
Remmel construction to the NSym setting. We provide:

• a diagram filling construction to compute the H-basis
decomposition of the immaculate functions,

• an extension to skew immaculates, and
• new results on the ribbon decomposition of

immaculate functions.

GBPR Diagram (sequence µ, partition λ)

1 Place λi grey cells in row i (bottom to top)
2 For each 1 ≤ i ≤ k:

1 If µi > 0 and λi ≤ µi, append µi − λi blue cells to row i.
2 If µi > 0 and µi < λi, append λi − µi red cells to row i.
3 If µi ≤ 0, append |µi| + λi red cells to row i.

3 All other cells are purple.

Example: µ/λ = (2, 5, −3, 0, −3, 6)/(3, 2, 1)

If µ is a partition, the GBPR diagram is an ordinary skew par-
tition diagram. Furthermore, the forgetful map (which “for-
gets” that the H functions don’t commute) implies that the
constructions in this project are valid in both Sym and NSym.

Theorem [A-M, 2022]

For µ ∈ Zk,

Sµ =
∑

γ∈THCµ

k∏
r=1

ϵ(h(r, τr)) H∆(h(r,τr)), where

• THCµ = the set of tunnel hook coverings of a GBPR
diagram of shape µ,

• h(r, τr) is a tunnel hook starting in row r of a THC,
• ϵ(h(r, τr)) is the sign of h(r, τr), and
• ∆(h(r, τr)) is a value assigned to tunnel hook h(r, τr).

Tunnel hook coverings and weights

A tunnel hook h(r, τr) of height p includes all cells in row r
as well as some collection of boundary cells (adjacent to grey
cells on left) in higher rows, spanning a total of p rows.

• ∆(h(r, τr)) = (blue cells - red cells) in row r + taxicab
distance to end of tunnel hook

• ϵ(h(r, τr)) = (−1)p+1

• A tunnel hook covering (THC) in THCµ is a covering of
the GBPR diagram of µ with non-overlapping tunnel
hooks, one starting in each row.

A trio of examples

µ = (3, 1, 3)
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S(3,1,3) = H(3,1,3) − H(3,2,2) − H(4,3) + H(4,2,1) + H(5,2) − H(5,1,1)

µ = (3, 0, 3)
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S(3,0,3) = H(3,3) − H(3,1,2) + H(4,1,1) − H(5,1)

µ = (3, −1, 3)
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S(3,−1,3) = −H(3,2) + H(4,1)

Skew immaculate functions Sµ/ν

Let µ and ν be arbitrary sequences of integers and Mµ/ν be
the matrix (Mµ/ν)i,j = Hµi−i−(νj−j). Then

Sµ/ν = det(Mµ/ν),
where det is the NSym determinant.

• This definition generalizes the Jacobi-Trudi formula for
skew Schur functions to NSym.

• Our tunnel hook construction extends to skewing by a
partition.

Example: µ = (3, −1, 2, 5, 3), λ = (2, 2, 1)

Sµ/λ = det



H1 H2 H4 H6 H7
H94 H93 H91 H1 H2
H92 H91 H1 H3 H4
H0 H1 H3 H5 H6
H93 H92 H0 H2 H3


= − H(1,1,1,1,3) + H(1,1,4,1,0) + H(1,2,1,1,2) − H(1,2,3,1,0)

+ H(2,1,1,0,3) − H(2,1,4,0,0) − H(2,2,1,0,2) + H(2,2,3,0,0)



H1 H2 H4 H6 H7
H94 H93 H91 H1 H2
H92 H91 H1 H3 H4
H0 H1 H3 H5 H6
H93 H92 H0 H2 H3
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Theorem [A-M, 2022]

For µ ∈ Zk and partition λ,

Sµ =
∑

γ∈THCµ/λ

k∏
r=1

ϵ(h(r, τr)) H∆(h(r,τr)), where

• THCµ/λ = the set of tunnel hook coverings of a
GBPR diagram of shape µ,

• h(r, τr) is a tunnel hook starting in row r of a THC,
• ϵ(h(r, τr)) is the sign of h(r, τr), and
• ∆(h(r, τr)) is a value assigned to tunnel hook h(r, τr).

Decomposition into ribbon basis

The ribbon basis for NSym is dual to the fundamental basis
for quasisymmetric functions (QSym).

Rα =
∑
β⪰α

(−1)ℓ(β)−ℓ(α)Hβ

• Open Problem: Find a formula for the decomposition
of the immaculate functions into the ribbon basis.

• Rectangles: If α = (mk), then the indices appearing in
the ribbon expansion equal the length k indices
appearing in the H-basis expansion [3].

• Example: α = (2, 2, 2)
S(2,2,2) = H(2,2,2)−H(2,3,1)−H(3,1,2)+H(4,1,1)+H(3,3)−H(4,2)
S(2,2,2) = R(2,2,2) −R(2,3,1)−R(3,1,2)+R(4,1,1)

• We use our tunnel hook construction to extend this result
to a larger (but not complete) class of compositions.

Theorem [A-M, 2022]

Let α = (α1, α2, . . . , αℓ) be a composition such that for
some 1 ≤ j ≤ ℓ,

1 αi ≥ i for 1 ≤ i ≤ j, and
2 αj+1 = j, and
3 αj+1 = αj+2 = . . . = αℓ.

Then
Sα =

∑
σ∈Sk

ϵ(σ)R(α1−1+σ1,α2−2+σ2,...,αk−k+σk),

with the convention that Rα vanishes if α contains any
nonpositive parts.

Further directions

• Understand the relationship between skew immaculate
functions and products of dual immaculate functions.

• Use tunnel hook coverings to determine the ribbon
expansion of an arbitrary immaculate function.

• Extend this expansion to other bases for NSym and
QSym such as the Young quasisymmetric Schur
functions.
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