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The classical inverse Kostka matrix Theorem [A-M, 2022] Tunnel hook coverings and weights Decomposition into ribbon basis
o= S i w, ha = hahy, - hy, For u € ZF A tuq&nel hook [7(7{{ T?“). of hfefht % mdUdES alg.cells in row 7 The ribbon basis for NSym is dual to the fundamental basis
i <y . as well as Sorpe C.O ection o oun. ary cells (a jacent to grey for quasisymmetric functions (Q Sym).
e Jacobi-Trudi formula: If A\ = (A, X, ..., ), then S,= Y. ]I eb(r,7)) Hawrry, where cells on left) in higher rows, spanning a total of p rows. Ro=3" (_1)6(5)—6(04) H;

sy = det(hy i )i YETHC, r=1 o A(h(r,7.)) = (blue cells - red cells) in row r + taxicab Ba
| e THC,, = the set of tunnel hook coverings of a GBPR distance to end of tunnel hook

e The inverse Kostka matriz K1 is the transition matrix iy
iagram of shape p,

e Open Problem: Find a formula for the decomposition

: | 1)) = —1 p+1 : : : : :
fr(zm {.Si}»n to {hx}an in Sym | N | e b(r.7.) is a tumnel hook starting in row r of a THC, ° c(b(r, 7)) = (—1) of the immaculate functl(])gns into the ].r1bl.)on basis. o
° Egecmglg apd Remmel [4]3.F1H .partltlon. diagrams o ¢(h(r,7,)) is the sign of h(r, 7,), and o A tunnel hook covering (THC) in THC, is a covering of e Rectangles: If a = (m"), then the indices appearing in
with “special rim hooks™ and assign signed weights to T S the GBPR diagram of p with non-overlapping tunnel the ribbon expansion equal the length £ indices
hese £l btain the | Kostk . . o A(h(r, 7)) is a value assigned to tunnel hook h(r, 7). o o . .
ese fillings to obtain the inverse Kostka matrix entries. hooks, one starting in each row. appearing in the H-basis expansion [3].
o Example: a = (2,2,2)
Immaculate functions G, 2] A trio of examples 2@,2,2) = gm?z)—;f@,&l)—g@,l,z)--g<4,1,1>+H<3,3>—H<4,2>
(2,2,2) = 482.22) — 41(2,3.1) —41(3,1,2) TLY(4,1,1)
o {Hy, Hy, ...} = algebraically independent functions that e We use our tunnel hook construction to extend this result
don’t commute; for any composition a = (ay, ..., ay), 7 | m 7 g Ly . H to a larger (but not complete) class of compositions.
3 2 3 1 2 1
H,=H,H, --H,, u=(3,1,3) o o o A, I, | _H,
o NSym is generated by Hy, Ho, ... (with no relations). i, i, H, H, H. . Theorem [A-M, 2022]

o |et MM be the matrix (M,Lb)i,j = Iy Then

S, = vet(M,), S = Hgzi3 — Hioo) — Hus + Huony+ Hio)— Hps g Let 041:< (Ozz (242, ...,ay) be a composition such that for
some 1 <45 </,

oo, >rforl <i7<7, and

where 0et is the NSym determinant.

Hs L P H; o H | et ® a1 = J, and
Main goal and results: =303 B Hy - -y -, - 4 | -H © 01 =Qjp2=...=
H; H; -H, -H, H- H- Then
The main goal of this project is to generalize the Egecioglu- So= Y ¢(0)R
Remmel construction to the NSym setting. We provide: G303 = Hiz) — Hipo)+ Hui)— Hio ° eyl (e1= 101,00 =2 0n,....ak—k+0r):
* a diagram filling COHS{}TUCMOH to compqte the H-basis with the convention that R, vanishes if « contains any
decompos.ltlon of the ?mmaculate functions, H, il . — A By nonpositive parts.
e an extension to skew immaculates, and n=(3,-1,3) [ N [ . Ty T
e new results on the ribbon decomposition ot -l =0 -2 0 -2 !
immaculate functions. H3 H3 -H,4 -H, H H; Further directions

Si-13) = —Hpp + Huy e Understand the relationship between skew immaculate

GBPR Diagram (sequence j, partition \) Sk , Inte f : & functions and products of dual immaculate functions.
€W I11111naculiate 1urnctiiornls

p/v e Use tunnel hook coverings to determine the ribbon

o Place \; grey cells in row ¢ (bottom to top)

. . - - ' f bit | late function.
® For each 1 < ¢ < k: Let 1 and v be arbitrary sequences of integers and M 0/ be H, He, H, Hy; H- CAPalSIon .O At al .1 tAby HHHACEAle THHELON
— . . B e Extend this expansion to other bases for NSym and

® If 1, > 0 and \; < p;, append p; — \; blue cells to row 1. the matrix <MM/V)73,J' = H i w,—j) Then H,yH 3 H, H H . .

® If u; > 0 and u; < A, append \; — p; red cells to row . S . — vet(M H., H, H/ H; H, ()Sym such as the Young quasisymmetric Schur

® If p; <0, append |p;| + A; red cells to row 4. plv = U¢ ( p/ V>’ H, H, H, H. H, functions.
@ All other cells are purple. where et is the NSym determinant. [{_3 H_2 HO H2 H3

- - For Further Information

e This definition generalizes the Jacobi-Trudi formula for

Example: /A= (2,5,—3,0,-3,6)/(3,2,1) skew Schur functions to NSym.

e Our tunnel hook construction extends to skewing by a
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(2.2.3.0.0) A(h(r, 7)) is a value assigned to tunnel hook h(r, 7).




