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Introduction

P := {integer partitions}. |λ| :=
∑ℓ

i=1 λi.
Conjugate λ′ of λ : partition whose Ferrers diagram is obtained by the
re�ection of the Ferrers diagram of λ along the main diagonal.

Self-conjugate partition λ ∈ SC: λ = λ′. Doubled-distinct partition λ ∈ DD: partition such that λ = λ′ + 1dλ.

t-core partition: no hook length divisible by t ∈ N∗, h(i, j) := λi + λ′
j − i− j + 1 for (i, j) ∈ λ.

H(λ) := {hook lengths ofλ}. Ht(λ) := {h ∈ H(λ) | h ≡ 0 (mod t)} and H+,t(λ) := {h ∈ H(λ) | h < t, εh = 1}
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(d) λ = (5, 3, 3, 1, 1) ∈ SC

Goals

■ Connection between Macdonald identities for the 7 in�nite a�ne root systems and subsets of P
■ Enumerating hook lengths products of the previous subsets of P
■ Derive q-Nekrasov�Okounkov formulas for each of the 7 in�nite types of a�ne root systems

Nekrasov�Okounkov formula

Nekrasov�Okounkov (2006), Westbury (2006),
Han (2008)∑

λ∈P

T |λ|
∏

h∈H(λ)

(
1− z

h2

)
= (T ;T )z−1

∞

where (a;T )∞ := (1− a)(1− aT )(1− aT 2) · · ·

A q-Nekrasov�Okounkov formula

Dehaye�Han (2011), Iqbal et al. (2012)∑
λ∈P

T |λ|
∏

h∈H(λ)

(1− uqh)(1− u−1qh)

(1− qh)2
=

∏
k,r≥1

(1− uqrT k)r(1− u−1qrT k)r

(1− qr−1T k)r(1− qr+1T k)r

Proof of Dehaye�Han using a specialized Macdonald identity for type Ãt

Macdonald identity in type C̃t

∑
m∈Zt

∑
σ∈St

sgn(σ)
t∏

i=1

x
(2t+2)mi

i T 2(t+1)(mi
2 )+(t+1)mi

(
(xiT

mi)σ(i)−t−1 − (xiT
mi)t+1−σ(i)

)
= ∆C(x) (T ;T )

t
∞

t∏
i=1

(
Tx±2

i ;T
)
∞

∏
1≤i<j≤t

(
Tx±i x

±
j ;T

)
∞,

where ∆C(x) :=
∏
1≤i≤t

x−t
i (1− x2i)

∏
1≤i<j≤t

(xj − xi)(1− xixj)

A key tool: the Littlewood decomposition using Maya diagrams

Set A ⊆ P , A(t) := {ω ∈ A | Ht(ω) = ∅}
Littlewood decomposition: bijection such that

λ ∈ P 7→ (ω, ν) ∈ P(t) × P t

Garvan�Kim�Stanton (1990): bijection ω ∈ P(t) → n ∈ Zt

such that
t−1∑
i=0

ni = 0

|ω| = t

2

t−1∑
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n2
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t−1∑
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Vg,t-coding

t and g positive integers such that t ≤ g.

λ ∈ P → s(λ) = (ck)k∈Z ∈ {0, 1}Z its
corresponding Maya diagram.
βi := max{(k + 1)g + i | ckg+i = 0}. Let
σ : {1, . . . , g} → {0, . . . , g − 1} be the unique
bijection such that βσ(1) > · · · > βσ(g).

The vector v := (βσ(1), . . . , βσ(t)) is called the Vg,t-

coding corresponding to λ.

Rewriting Macdonald identities in type C̃t

∑
ω∈DD(g)

(−1)dω+|H+|T |ω|/2spµ(x)

= (T ;T )t∞

t∏
i=1

(
Tx±2

i ;T
)
∞

∏
1≤i<j≤t

(
Tx±i x

±
j ;T

)
∞ ,

where g = 2t + 2, v is the Vg,t−coding corresponding to ω and
µ ∈ P such that µi := vi + i− g for all 1 ≤ i ≤ t.

Hook length enumeration and Vg,t-coding

Set t a positive integer and g = 2t+ 2. Let ω ∈ DD(g) and v ∈ Zt its associated Vg,t-coding, and set ri = vi− t− 1 for
any i ∈ {1, . . . , t}. For any function τ : Z → F×, where F is a �eld, we have∏
s∈ω

τ (hs − εsg)

τ (hs)
=

g−1∏
i=1

(
τ (−i)

τ (i)

)αi(ω) t∏
i=1

τ (ri)

τ (i)

∏
1≤i<j≤t

τ (ri − rj)

τ (j − i)

τ (ri + rj)

τ (g − i− j)

where αi(ω) := #{u ∈ ω, hu = g − i, εu = 1}, we have

A q-Nekrasov�Okounkov formula in type C̃

∑
λ∈DD

(−u)dλT |λ|/2
∏
s∈λ

1− u−2εsqhs

1− qhs

∏
s∈∆

1 + uqhs/2

1 + u−1qhs/2
=

∏
m,r≥1

1 + uqr−1Tm

1 + u−1qrTm

(
1− u−2qr+2Tm

)r−⌊r/2⌋ (
1− u2qr−1Tm

)r−⌊r/2⌋

(1− qrTm)r−⌊r/2⌋ (1− qr+1Tm)r−⌊r/2⌋
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