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The (Hopf) Algebra of Symmetric FunctionsGuay-Paquet’s Hopf Algebra

Class Functions

1 2 3 4 5

Partition in staircase Dyck path Indifference graph

The Chromatic Quasisymmetric Function

The Unicellular LLT Polynomial

<latexit sha1_base64="o6ZUOabrphfze+L4aRJs+U4ouGs="></latexit>≅

<latexit sha1_base64="o6ZUOabrphfze+L4aRJs+U4ouGs="></latexit> ≅
<latexit sha1_base64="WocE+x69ExWH8uarlsaSys5qSLI="></latexit>𝜒𝛾

<latexit sha1_base64="3IplV2UMpXy902AfDG+B24qqkVw="></latexit>

IndGL𝑛
UT𝛾 ( ) <latexit sha1_base64="3KjNTDQUP3KO8nM71s0liHD8s/I="></latexit>

proj ∘ IndGL𝑛
UT𝛾 ( )

<latexit sha1_base64="MGliCz3/RZcByB67LmWu6G/eSHA="></latexit> ̃𝛾 ∶= 𝑞|𝐸(𝛾)|𝛾

<latexit sha1_base64="2MCwsYBFr9Wa+TLNOI6pOs9JZ3Q="></latexit>(𝑞 − 1)𝑛𝑋𝛾(x; 𝑞)
<latexit sha1_base64="IVf7hS+7Burq3Sz4Nuy+W8Y6Q+0="></latexit>𝜔𝐺𝛾(x; 𝑞)

Theorem [G.]: This square also commutes.

Proof uses results of Carlsson—Mellit and 
Green, along with the previous square.

project onto  
unipotent summands

<latexit sha1_base64="pS4DL/cqV9r+I5glYWM6ma+0hQg="></latexit>

Sym = ℂ -span{𝑚𝜆 | partitions 𝜆}

Unipotent Characters

Unipotent Support

Superclass Functions

What About Hessenberg Varieties?

What About Positivity Conjectures?

Other important bases of Sym:
<latexit sha1_base64="oGSrljFXm2Bh2llVcj4yqanUGFo="></latexit>𝑒𝜆

<latexit sha1_base64="yOpzjo7dbs3S+mrnDSkSlzM+pTc="></latexit>𝑠𝜆
<latexit sha1_base64="8LSEqbKZFlHk5AEIDa4xQ8zCmag="></latexit> ̃𝑃𝜆(x; 𝑞)

<latexit sha1_base64="TOsDnl26XE6csy9wsv+OJRbg2jw="></latexit>IG(𝑡) = ℂ[𝑡] -span{indifference graphs}

<latexit sha1_base64="MWNbAykTPrXdIqOdSt+m15Z3gXc="></latexit>

ps1(𝑥1) = 1 and ps1(𝑥𝑖) = 0.
<latexit sha1_base64="qQ/rZEbRrE5z0TqEcNU1vb1k+Mk="></latexit>

Theorem [Aguiar—Bergeron—Sottile]: all Hopf
morphisms Ψ ∶ 𝐻 → Sym are uniquely deter-
mined by the map 𝜁Ψ = ps ∘Ψ, where

<latexit sha1_base64="Q1kX5RoYq8u5Bnkxay3Y4vIEDh8="></latexit>

scf(UT•)

<latexit sha1_base64="nzvv6TcdkA8tn6zNM7WM6bb9GWc="></latexit>

IG(𝑞−1)

<latexit sha1_base64="Awu2I0IxW0L2jwkqaPHye0K4DyE="></latexit>

cfunisupp(GL•) <latexit sha1_base64="4cD81IxFxfGKVvSgwcp/lEGizVg="></latexit>

cfunichar(GL•)

<latexit sha1_base64="o+krzrKUFHj3ujN3a7LIiABoIAo="></latexit>Sym <latexit sha1_base64="o+krzrKUFHj3ujN3a7LIiABoIAo="></latexit>Sym

<latexit sha1_base64="Z+vBMh+HhTYG7Kpv3e7t2d3Xqro="></latexit>

cf(𝐺) = {𝜓 ∶ 𝐺 → ℂ | 𝜓(𝑔) = 𝜓(ℎ𝑔ℎ−1) for all 𝑔, ℎ ∈ 𝐺}= ℂ -span{irreducible complex 𝐺-characters}= ℂ -span{ℂ𝐺-modules}/⟨≅, ⊕⟩

<latexit sha1_base64="FJy8ZmGr/uzJLQxsNx7r16jIPM4="></latexit>𝐺𝛾(x; 𝑡) = ∑
all colorings𝜅 of 𝛾 𝑡asc𝛾(𝜅)𝑥𝜅(1)𝑥𝜅(2) ⋯ 𝑥𝜅(𝑛)

<latexit sha1_base64="mzSJjPt1j9cfOpFpaYDp3Fe7rcY="></latexit>𝑋𝛾(x; 𝑡) = ∑
proper colorings𝜅 of 𝛾 𝑡asc𝛾(𝜅)𝑥𝜅(1)𝑥𝜅(2) ⋯ 𝑥𝜅(𝑛)

<latexit sha1_base64="AC6+UP271IgPXfSSJ3aITcuouPE="></latexit>

Catalan Families (counted by 𝐶𝑛 = 1𝑛+1 (2𝑛𝑛 ))

Take these to be 
indifference graphs 

“monomial basis” “elementary basis”

“Shifted  
Hall-Littlewood  

basis”

“Schur basis”

<latexit sha1_base64="9o/Uwr9rePd033kacdIr8a8GZ7Q="></latexit>

Let 𝜒𝛾 ∶= IndUT𝑛
UT𝛾 ( ) ∈ cf(UT𝑛), and
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“Normal pattern subgroup”  

(indexed by indifference graph “γ”)
Unipotent upper  
triangular group

<latexit sha1_base64="mkU536D63YAJK53I7cy9JrmUoSY="></latexit>⊆ UT𝑛 =
Finite field  

with q elements

General linear 
group

<latexit sha1_base64="5nZAzSl1M+/ALREsfmYr4DmNxwM="></latexit>

GL𝑛 = GL𝑛(𝔽𝑞)

Set t = 1/q here. 
(q is a number)

this space is known to be  
`wild’, so it’s better to work  
in a simpler subspace like scf

<latexit sha1_base64="l/ZI9dAp2ESc8Y5QU8PEGLaNyq8="></latexit>

scf(UT•) = ℂ -span{𝜒𝛾} ⊆ ⨁𝑛≥0 cf(UT𝑛).
This space has two known Hopf structures.

We use a newer one from [G. 23].

On this poster, 
’t’ is always an 
indeterminate

<latexit sha1_base64="3IcSyl0hRD5cQObD+1BlasoF5OM="></latexit>

cfunisupp(GL•) = ⨁𝑛≥0 IndGL𝑛
UT𝑛 ( cf(UT𝑛)) ⊆ ⨁𝑛≥0 cf(GL𝑛)

<latexit sha1_base64="Iv1maEEpz1kdPtC8n1ae3L8K7p8="></latexit>𝔽𝑞-Linear Algebraic Groups On this poster,  
most matrices are  
over a finite field 
with `q’ elements

(1)

(2) <latexit sha1_base64="7V8fFIrn1S/vlmYL1N/bw16BEHE="></latexit>𝑋 ∈ GL𝑛 is unipotent if 𝑋 − 1 is nilpotent, and:
<latexit sha1_base64="7lC0A2p2uT0wfqF88VkexhZB9kU="></latexit>

cfunisupp(GL•) = ⨁𝑛≥0{𝜓 ∈ cf(GL𝑛) | 𝜓(𝑌 ) = 0 if 𝑌 isn’t unipotent}

Two equivalent definitions:

<latexit sha1_base64="2GzODF5yzeTTOVCNppRCjOqy7CY="></latexit>

Let 𝐵𝑛 = {upper triangular matrices in GL𝑛}.
<latexit sha1_base64="T87IgKro6SJhdmIu+/bFm+7tgtE="></latexit>

IndGL𝑛𝐵𝑛 ( ) = ∑ 𝑓𝜆𝜒𝜆
Unipotent characters

#STY(λ)

<latexit sha1_base64="jYUnVzpx08KckbXL+j6Px0k2ujo="></latexit>(𝜒𝜆 ↦ 𝑠𝜆)

<latexit sha1_base64="pr33XVLP5KGdtgGP8NCCVHrtwDU="></latexit>

cfunichar(GL•) = ℂ -span{𝜒𝜆} ⊆ ⨁𝑛≥0 cf(GL𝑛)

(Implicit GL-Hopf Algebra)

Hopf structure defined by Zelevinsky.

<latexit sha1_base64="9Cqw1GEaLXNQw3ur0kcycUSHoBM="></latexit>⨁𝑛≥0 cf(GL𝑛)<latexit sha1_base64="GRGTjFhs9HVE/vn3u8AQ1wOTefU="></latexit>⊆ <latexit sha1_base64="dbiJ73nhFcFAx3IVvf5/49oCc8w="></latexit>⊇
<latexit sha1_base64="2eQQPdmHmDRuxOkkw19CpwOS0ck="></latexit>

Both cfunisupp(GL•) and cfunichar(GL•) are
sub-Hopf algebras.

<latexit sha1_base64="zlqMMvTPL6lXJwjzrHmYbY76668="></latexit>

Conjecture [Stanley–Stembrige, Shareshian–Wachs]:
The coefficients 𝑎𝜆(𝑡) in 𝑋𝛾(x; 𝑡) = ∑ 𝑎𝜆(𝑡)𝑒𝜆 belong
to ℕ[𝑡].

<latexit sha1_base64="acdZeFM2vRNgTo+lcYX49nNfalY="></latexit>𝜒(1𝑛) = <latexit sha1_base64="4ANNGTr9Ruz+89vseai72X9Uxkw="></latexit>𝜒(𝑛) = St𝑛
<latexit sha1_base64="HRYCVTnz2Wh8eEkNCq2/O5QqTJw="></latexit>

Conjecture: There are polynomials 𝑎𝛾𝜆(𝑡) ∈ ℕ[𝑡] such that for
each prime power 𝑞 the character 𝜂𝛾 = ∑ 𝑎𝛾𝜆(𝑞)St𝜆1 St𝜆2 ⋯St𝜆ℓ
satisfies (𝑞 − 1)𝑛𝜂𝛾(𝑢) = IndGL𝑛

UT𝛾 ( )(𝑢) for every
unipotent element 𝑢.

<latexit sha1_base64="CqkP4vdaXev5KgIbcWJdf4Va4jg="></latexit>

New Conjecture:
These are equivalent!

Can we find a module that affords ηγ  
and use it to prove this conjecture?

a.k.a the Hall  
(Hopf) algebra

<latexit sha1_base64="o6ZUOabrphfze+L4aRJs+U4ouGs="></latexit> ≅
<latexit sha1_base64="8GS2Z2t3Ppw24mce3V0aL6Li8w8="></latexit>

(𝛿 𝜆↦ �̃� 𝜆(x; 𝑞))<latexit sha1_base64="929cd21wLUdEC+TMuUhTz8g73tA="></latexit>Induction from UT𝑛 to GL𝑛

“Ascent statistic” 

Upper triangular subgroup

A Hessenberg Variety is:

any matrix

Bn-stable subspace, like:
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Theorem [G.]:

<latexit sha1_base64="DzZby7GmLHA66qkj1X+b6H9LMfI="></latexit>

We can define them over any field, like ℂ or 𝔽𝑞. Over ℂ, we get
a very nice variety with previously-known connections to the
chromatic quasisymmetric function. Over 𝔽𝑞...

Proof uses results of Precup—Sommers, the first commuting 
square above, and some very easy calculations.

Poincaré polynomial

On this poster, “γ”

Complexify these 

“Hessenberg space” UTγ - 1

<latexit sha1_base64="1Zy75uueXkzmG9g038cMTHg/+v8="></latexit>

UT𝛾

<latexit sha1_base64="mttBjICoxFj8FHu8VjHXUkZDMXY="></latexit>

plethysm𝑓 ↦ 𝜔𝑓[ x𝑡−1 ]|𝑡=𝑞

<latexit sha1_base64="wGagiAMe21i4/YI6zLRC1kn0qzA="></latexit>

Open Problem: It is known that there exist coefficients𝑏𝜆(𝑡) ∈ ℕ[𝑡] for which 𝐺𝛾(x; 𝑡) = ∑ 𝑏𝜆(𝑡)𝑠𝜆. Find an
explicit formula for 𝑏𝜆(𝑡).

<latexit sha1_base64="VyF0puNxlxa4MRBx7G2lRW5a/tI="></latexit>

New Open Problem:
<latexit sha1_base64="UaUOytdgeQSajsvUu8C++0Av7mc="></latexit>

Open Problem: It is known that there exist coefficients𝑏𝜆(𝑡) ∈ ℕ[𝑡] for which proj ∘ IndGL𝑛
UT𝛾 ( ) = ∑ 𝑏𝜆(𝑞)𝜒𝜆. Find an

explicit formula for 𝑏𝜆(𝑡).

<latexit sha1_base64="V3TxmFcNUETtKv9KKRstnt73EWs="></latexit>(𝑞 − 1) deg times Guay-Paquet’s Map

<latexit sha1_base64="ZmzlVXg+jXQ+T1pC7aWc6MYPDM0="></latexit>𝑚𝜆 = ∑𝑖1,𝑖2,…,𝑖ℓ
distinct

𝑥𝜆1𝑖1 𝑥𝜆2𝑖2 ⋯ 𝑥𝜆ℓ𝑖ℓ

<latexit sha1_base64="kARefLkSmV6zRY4qoTeJW91h5WQ="></latexit> 1(𝑞 − 1)𝑛𝑞|𝐸(𝛾)| IndGL𝑛
UT𝛾 ( )(𝑋) = ∣ℬ𝑋−1

UT𝛾−1∣ = Poin (ℬ𝑋−1
UT𝛾−1)(𝑞)

<latexit sha1_base64="XJNzAicmstMVC3lByXPQUTxVLeM="></latexit>

Theorem [G.]: This square commutes.
Proof uses A–B–S: both directions have the
same zeta map, so they much be the same. A𝑞−1 ↔ 𝑞 result of Shareshian–Wachs is also used.
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