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Previous works: case of a single equation

Theorem [Bousquet-Mélou, Jehanne '06] see also [Popescu ‘86, Swan 98]
Denote K a field of characteristic 0, denote A(F) := w the discrete
derivative operator. Let f € K[u] and Q € K]y, ..., yk, t, u] be polynomials. There
exists a solution F(t,u) in K[u][[¢]] to

F(t,u) = f(u)+t- Q(F(t,u), AF(t, u),...,ARF(t, u),t,u). (DDE)

Moreover, F(t,u) is over K(t, u).
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Theorem [Bousquet-Mélou, Jehanne '06] see also [Popescu ‘86, Swan 98]
Denote K a field of characteristic 0, denote A(F) := w the discrete
derivative operator. Let f € K[u] and Q € K]y, ..., yk, t, u] be polynomials. There

exists a solution F(t,u) in K[u][[¢]] to
F(t,u) = f(u)+t- Q(F(t,u), AF(t,u),...,ANF(t, u), t,u). (DDE)
Moreover, F(t,u) is over K(t, u).

e Knowing R € K[t, z] s.t. R(t,F(t,1)) =0 ~~ asymptotics, exact formulas, ...

e For the minimal polynomial of F(t, 1), many contributors:
Banderier, Bender, Bostan, Bousquet-Mélou, Brown, Canfield, Chyzak,

Flajolet, Gessel, Jehanne, N., Safey El Din, Tutte, Zeilberger, ...
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Motivation (cont’d): Systems of functional equations with one catalytic variable

What about ?
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e Modelling special Eulerian planar orientations gives rise to:
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— G(ta )7 G(tal)
G(t,u)=t- (2uF(t, u)G(t,u) + uF(t,u) + uG(t,1) + u%) :

[Bonichon, Bousquet-Mélou, Dorbec, Pennarun '17]
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Motivation (cont’d): Systems of functional equations with one catalytic variable

What about ?

e Modelling special Eulerian planar orientations gives rise to:
_ 2 F(t7 )7 F(tzl)
F(t,uy=1+t- <u+ 2uF(t,u)” 4+ 2uG(t,1) + u%) ;
— G(ta )7 G(tal)
G(t,u)=t- (2uF(t, u)G(t,u) + uF(t,u) + uG(t,1) + u%) :

[Bonichon, Bousquet-Mélou, Dorbec, Pennarun '17]

e Modelling a particular case of hard particles on planar maps:

uF(t,u)—F(t,1
F(t,u) = G(t,u) + tu?F(t, u)? + tuFEO-FED)

G(t,u)—G(t,1
G(t,u) = 1 + tuF(t, u)G(t, u) + tuSLU=C(1),
[Bousquet-Mélou, Jehanne '06]
Goal: the nature of F(t,1)
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Previous works (cont’d): case of systems of equations

e Nature of F(t,1): [Popescu '86] = F(t,1) is over K(t)
BUT: the proof is a priori non-constructive...
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BUT: the proof is a priori non-constructive...

e Algorithm for computing R € K|[t, zp] s.t. R(t,F(t,1)) =0: [2]

Okay, then what about systems of linear DDEs?
e Effective proof + implicit algorithm: [Buchacher, Kauers '19] ~~ At FPSAC 19!

o Still, many papers deal with systems in enumerative combinatorics:
Asinowski, Bacher, Banderier, Beaton, Bonichon, Bousquet-Mélou, Bouvel, Buchacher,

Dorbec, Gittenberger, Guerrini, Jehanne, Kauers, Pennarun, Rinaldi, ...

— There should be things to say for any system of DDEs [?29
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Main contribution

Theorem: [N., Yurkevich '23] see also [Popescu '86, Swan 98]
Let n,k > 1 be integers and f1,...,f, € K[u], Q1,...,Qn € K[y1,. .., ¥nk+1) t, U] be
polynomials. For a € K, set VAF := F,AF,...,AXF. Then the of DDEs

(EF1): = f1(u) P e Ql(kal, .. .,Van, t, u),
: (SDDEs)
(Ep,): Fo=fo(u)+t- Qu(V¥F1,...,VKFy t ).

admits a vector of solutions (F1,..., F,) € K[u][[t]]", and all its components
are over K(t, u).
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Theorem: [N., Yurkevich '23] see also [Popescu '86, Swan 98]
Let n,k > 1 be integers and f1,...,f, € K[u], Q1,...,Qn € K[y1,. .., ¥nk+1) t, U] be
polynomials. For a € K, set VAF := F,AF,...,AXF. Then the of DDEs

(EF1): = f1(u) P e Ql(kal, .. .,Van, t, u),
: (SDDEs)
(Ep,): Fo=fo(u)+t- Qu(V¥F1,...,VKFy t ).

admits a vector of solutions (F1,..., F,) € K[u][[t]]", and all its components
are over K(t, u).

proof — computing a polynomial annihilating F;(t,a)
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Finding more polynomial equations

F(t,u)=1+t- (u+2uF(t u)? + 2uG(t, 1)+u t,u) uF(tl )’
G(t,u) =t (2uF(t,u)G(t,u) + uF(t,u) + uG(t, 1)—|—u G(t,u)— ulG( ))

u

Consider
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0=G-(1—u)+t-(2u*FG + u?F — 2uFG — uF +uG — uG(t, 1)).
Denote by Ei, E; € Q(t)[x1, X2, o, z1, u, t] polynomials such that
fori € {1,2}, Ei(F(t,u),G(t,u),F(t,1),G(t,1),u,t)=0. (= Ei(u))

with respect to u yields
(O Er)(u) (O E)(u))  (OuF)  ((BuEr)(u)) _
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d>1
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Sketch of strategy: differentiate with respect to the catalytic variable!

° Denote the numerator equations

Ei(u)=0,...,Ex(u) =0, for E; € K[x1,...,Xn, 20, - -, Znk—1, U, t].
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Sketch of strategy:

with respect to the

e General case: Denote the numerator equations

Ei(u)=0,...,Ey(u) =0, for E; € K[xq,. .., Xn, 20,

vy Zpk—1, U, t].
e Differentiate with respect to u:
OwE1 ... 0.E OuF1 OukEx
: ' : T : =0
axl En ax,, En au Fn au En
Define:
y etne 0X1 E1 axn71E1 ) E1 Oxl E1 .. axn71E1 OuwE1
Det := det ; and P :=det : :
axlEn e 0x,,,1 En ’)x‘En/ aXlEn ax,, 1En ‘)uEn/

e For U(t) € dglK[[tﬁ]], Det(U(t)) = 0 imply P(U(t)) =0

~~ n + 2 equations and n + nk 4+ 1 unknowns.



Sketch of strategy (cont’d): duplicate variables

Notations: A(u) = A(Fi(u),...,Fa(u), Fi(a),...,05 1 F,(a), t,u).
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Fi(U)) 9IFi(t,a) L

Hope: the generated by Squp is over K(t).
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A degenerate toy (SDDEs)

Modelling m-row restricted slicings: [Beaton, Bouvel, Guerrini, Rinaldi '19]

{F1:t2U+t2U (F1+F2),

Fo = t2u BB | 2, ARl 4 2, )
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A degenerate toy (SDDEs)

Modelling m-row restricted slicings: [Beaton, Bouvel, Guerrini, Rinaldi '19]

{E = t2u+ t2u (F1 + F),
Fo = t2u BB | 2, ARl 4 2, )
which gives

E; = —x1 + t?u + t2u(x) + x2),

{E2 = —xo(u — 1) + t2ux; + t2uxy — t2uzy — t2uz.

Hence

a>< El ax El 2.2
Det = ! : =g -1
€ <8X1 E2 aXz E2) " + "

There exists only one solution u = U(t) € |J Q[[t4]]\ {1} while nk =2...
d>1

First difficulty: How do we more relevant solutions in u to u ?

0/14



Symbolic deformation argument in the general case

Consider
Fl = fl(u) +t- Ql(kal, oo -7kan7 t, U)7

: : (SDDEs)
Fo=f(u)+t- Q,(VKFy,...,V¥F,, t,u).
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Symbolic deformation argument in the general case

Consider
F1 = fl(u)+ t- Ql(kal,...,kan,t,U),
: : (SDDEs)
Fo=fa(u)+t- Q,(V¥Fy,...,V¥F,, t,u).
We define for , and for o, 3 € N such that > 3> 0
Gy = fi(u) + t* - Q1(V¥Gy, V¥Gy,. . ., VEG,, t%,u) +|ek -t > AKG;
i=1
€ Kle, u][[t]]
Gp = fo(u) + t% - Qu(VKG1, VK Gy, . . ., VEG,, t%,u) Hek -t > yni - AKG;,
i=1
o Gi(t,u,c) over K(t,u, €) = G;j(t,u,0) = F;(t™*, u) over K(t, u).
e Denote the polynomial relations:
Ei(Gy, ..
10/14

.y Gn, Gi(t,0,¢€),...,0571G,(t,0,€), t,u,e) =0, fori =1,...,n.
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Lemma 1: There are u=U,..., Uy in |J K(e)[[t?]] to Det(u) = 0.
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Lemma 2: If Jacs,,, is the Jacobian matrix of Sy, w.r.t. x,u,z, then Jacs,, (P) is invertible
and the saturated ideal (Sqyp) : (det(Jacs,,,))> is over K(t, €).

Idea: Show that det(Jacs,,,(P)) # 0, then use the Jacobian criterion.

All in all: Effective Algebraic Geometry

11/14



Main steps for proving the invertibility of the Jacobian matrix

e Up to elementary operations, Jacg,p(P) is an

A(Ui(t)) 0 - 0 ’
0 e 0
JaCdup(P) 0 0 A(Unk(t)) |

12/14



Main steps for proving the invertibility of the Jacobian matrix

e Up to elementary operations, Jacg,p(P) is an

A(Uy(t)) 0O --- 0 *
Jacqup(P) ~ 0 0 0
P 0 0 A(Un(t)) ’
0 0 0 A(Uq(t), ..., Un(t))

12/14



Main steps for proving the invertibility of the Jacobian matrix

e Up to elementary operations, Jacg,p(P) is an

A(Uy(t)) 0O --- 0 *
Jacqup(P) ~ 0 0 0 :
0 0 A(Unk(t))
0 0 0 A(U1(t), ..., Unc(t))
e For all 1 </ < nk, we have A(U;(t))

e Finally, there exists v € N such that

det(A(U1(t),. .., Un(t))) = H Ui(e) - TTUi(e) = Us(1)) - ;

i<j

for some € K[t, €] \ {0} whose degree is independent of

12/14
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1. (SDDEs) and the “numerators” Ey, ..., E, and the polynomials
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0B ... 0yE 5 o o o a. !
Det := det : : and P :=det B : g
: ' O En1 ... O« Enc1 OuEn—a
kB oo k. (Ep ! ot
. O 8E ... 0y En  O.E,
2. up the duplicated polynomial system (Squp), consisting of the duplications of the
polynomials Ei, ..., E,, Det, P. It has nk(n + 2) variables and equations.

3. a non-trivial element of ((Syup) : det(Jacs,,,)>) NK[t, 2o, €], then set € to 0.
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