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Attractions at the Catalan Zoo

The Catalan numbers Cat(n): =1 (2) count: (123)
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Dycw Paths 10,0)-(n,n) Viceoftheen Noncrossing Partitions

catcus: 1, 1, 3,57, 14,theswer is the ultimate question ofLife,
the Universe, and Everything



Germain Frewers visits the Catalan 2-00
Itn

The Wreweras numbers brew (y):=.(n-k count: ⑮i=

Mabon!
Sym(y) 3 =(3., ...,3w)=(m;...,nuns
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3 =(2,2) ⑧ ⑧

** Wers=2= [... 0⑥
Dycw Paths whose vertical runs NoncrossingPartitions whose blows
determine apartition I determine apartition 3
Krew (33 ↑ 4 2 6 I =314

3 (4) (3,1) (2,2) (2,1,1) (1,1,1,1)



From Sn to Reflection Groups W

Reflection groups ares - -finite subgroups WIGLARY
generated by Euclidean reflections?

InL3) =Az Ie(4) =B2

Reflection groups areas.
Sn+1

classified in four infinite families n, Br, Du, and Ins↓

and some exceptionals (H3, Hu, Fu, E, E1, Egb
hyperoctahedral dihedrals

Proofs are often case-by-case?
Reflection groups hawers

· nice presentations W = SS.
, . . .,
Su ISi= (SiS;(Mis=1)
e

simple gen's
· Coxeter elements =S.S: - Su order (c) = h-

"Coxeter
number"



From Sn to Reflection Groups W: Partitions
Apartition

me991,3,43,92,6,7,83,9533 u ⑰..As
determines an intersection
ofhyperplanes:aflat XECw W-orbits of Flats (XELwIW
Xi =x- X3=x4 MX2=xxxx=x=X1 =x8

play the role of cycle types

exceptional numerology: rank(w)
"group exponents"

x(tw,t) =(t- ei) in Sn: ei= i

X-s characteristic polynomial "Orlin-Solomon exponents"
Aw us reflection arrangement

dim(X)

Anus restricted arrangement x(A,t)
=I (t-bY) inSu: =i

H
detect copies ofV in

H*(Springer fibers)



From Sn to reflection groups
W: Noncrossing Partitious

Coxeter 0 c Coxeter element
element of ⑧ In order induced by reflection length

0NCCW):=[1,c]2R the W-noncrossing partitions

They are countedby the W-treweras numbers
I(mh+ 1 -bi)m-Krew"(xS)= F(x5:x)

m=1 case #ofelements in NCCW) of "type"[X]-
-

Compare with
m case #ofy m-chains in NCCW) string at

Krew(y)=mw
+2)

an element of"type"[x]

h=n AthanasiadisReinerincase-by-case ??3=i



Our main contribution:Acase-free proof
case-by-case case-free
--

Theorem (Ath-Rein 'O2,Rhoades'17. D:Josnat-Verges'22]
For an irred. Finite Coxeter groupW, any met, and parabolic type (X)=CwlW

we have m-Krew"(x)) =Hmb)
(N(x):Wx]
-

m-chains in NCCWS ↳externumber
that start at type (X) &Y: Orliw-Solomon exponents

Could arecursion work???
-Already (n =(niC+ -...+(o(n-1 e

-

on
-

is non-trivial to give (n =() -



Proofviaan Coverabundance ofrecursions

Recursion on Recursionchains
Whitney #s Face Is on faces

Coxeter
element of 1 --b-to-f -> 14 /itS4

transformation

6 =4 +2
⑧

23 Ayit
6 IhwClt =2 fw t 6 +3 =9 I
1

6+(3)1 =9 Exy
1

W-associahedron/

- W-cluster complex

4 +2-1 =62+111 =3
T(mh +1 +bi)m-Krew((x) =mh

+1) ⑫---4

·------ m-Lode((X)) =-[N(x):Wx]
It---

[N(x):Wx]

Proof. We show that the W-Wrewers and W-today formulas
satisfy combinatorial recursions



Structure ofthe proof:Recursion on chains
Coxeter -

element of combinatorial
recursions

countchains of length m
on zeta polynomials with respect to their with element

(m=k+r)

m-Krew (1x2) = x-Krew((x)) · rlirew((4)
[Y]

C"X",c]R <"X", "Y")=R ("Y",
=

Expanding the formulas
m-Krew"(XS) =I it becomes (t +wh)dim(X)_Ex tdim(Y).dhi(X,Y)

SD.'21-23 viaW-Laplacians]



Parring & the Catalan Zoo

Haiman '92 considers the diagonal action SnW ((X,...,Xn, y,,y, ...,yu]=:((x,y)

He defines diagonal inert! DHn:=((x)/es,
trans III

CONJECTURED 192 0 dim (DHn)=(n+ 1)"
-

N -12 121 211

HAIMAN · DH*det =
s. I/In # 13 131 311

↓
- 122 212221

PROVED O2 ⑧ Frod (DHn) = 0 (en) E- 123 132213

231312321

Reflection groups W

DHCW): =((x,y)/< (ix3*] often has dim (DH(WS) > (h+1)=dim (Q/(n+13a)

Gordon ('03] constructs aquotient Parw(W):= DH(W)/swith correct properties



Parabolic Decompositions of the Darwing Space
mu(mn-1).-mN+2)
en -⑧ -m(en)= I Sym(3] Cy (3=3,32,...,(w)

t=1 3 tn-

nowi
9
=1 Fuss-Kreweras numbers

/
(9,4)

Laver(a) IBy ·(en) = · 2yca) x

↳ BycuPath avea(n)=3

the "compatible 10,0) ->(mn+1,n) rise-partition of a 3(R) =(2,1,1)
recursions"

M -> Modified Hall-
-"(en) =pp12).Im.(mn-wa.w(Iy(a)) Littlewood

⑧ t=1/9 (Sym(333q↓ 3tn- >H* (BS:9)
(ReinerSommers]"stig encodes symmetries viaC.S.P Springer fiber



Parabolic Decompositions ofW-Parwing spaces Part(wiq)

⑧ Parr(W,q=1)=
A

[Orlin-Solomon-Terao]
x hil-bit. Itried

4

-

⑨E Sommers W-Fuss-Krewers numbers
W ④

-

*

T ⑳ ⑧ ⑧ ⑥

.

.↑ ⑧ a d

⑧

·Pown"(W;q=1) = # tgenderstons] putrir einen einereneiereierere

·pe celliniPapiSommeeS I CASE-FREE?
·Pow(W;q=1) = #Stype-(x) m-chains &

nW
triv

of non-crossing 31
Athanasiadis- partitious Wx

%02 (Reiner, Rhoades) CASE-BY-CASE
22 [D.-Josnat-Verges] CASE-FREE?



Give me the symmetric group version thatI know and love
The m=wtr chain

decomposition in Su -"cen) =2fareacas. I, TaJegical
becomes q

=1
~ Dycw path
10,0)->(wn+1,n)

3(r) =(3,(a)....,3s(n))]
q
=1

L"rise partition"of a Proof: V is multiplicative

breaws
Combinatorially:..... into t3
- ·E

slope = 3 - -
slope=2 slope=1

Open
8 Analogous graded decompositions for other types

Problems ⑧ Interaction with braid varieties (GLTW]
⑧ Combinatorial models for some pit-grading?



Thank You
· countingnearestforour.220%.0e

(3CA (23)
· The generalized cluster complex:
refined enumeration of spaces

2209.12540

(w/ M.3-V)
· Reflection Laplacians, parking spaces,
and multiderivations in Coxeter - Catalan

soon?

· Recursions and Proofs in Cataland
(w/ M.3-V) soon? preview of extended abstract



The W-Laplacian and its spectrum
·W-CL(V) a finite Coxeter group
·Pits root system

24:=zars.EndCVS· Define the W-Laplacian 5tpt

Its characteristic polynomial:

det(Lw+t) =2 twdet(OrEs) -> Compare with arithmetic
So.....3 EPTont characteristic polynomial.

det(Lw+t) =Ztdin(x).pdetCha
det(Lw)= h" =>Essentially the popular formula

codim(X)

Ch+t)"=Ectdin(x). hi(Wx) hin=2.# [reflections of WI


