
Tantological classes of matroids

Chris Eur (with Andrew Berget, Hunter Spink, Dennis Tseng)

(1) A tale of two rings (K&H*)

(2) Matroids

(3) One ring to rule them all...
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my two functions [P] and hp:Rm->R

&Indicator fat & Support fat (piecewise linear on 2)
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1 if xeP

[P](x) =
0 else hp(x) =maxx, y



IS[P]:P a def. of IS
=k(2) H*(z) =Epiecewise polynom.

on 23

<[P]- [P+v]: ve [m) <globally) linear fets]
[P]P'] =[P+ p/] y degz
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f((P3) =#1P12m/ degz(hpM) = Vol(P)

Rem K(Z) =Grothendieck K-ring of vector bundles on XI.

H*(z) =cohomologyring of X2.



Let E = E1, . . ., n3

Let M be a matroid of ranks on E, and & its set ofbases

(linear matroid:vectors (V., . . .
,
n) spanning
er,w =KKE

B =BCE 1 (Vilies a linear basis of KV3.)

E.g. L rowspans****B =312, 13, 14,23,243

TMCC,y) its Tutte polynomial.
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[Gelfand-Govesky-MacPherson- Serganova '84]

The [Cameron- Fink '22]

standard

simplex -opposite simplex

(Benardi-Kalman - Postnikov'21] f([P(M)] [A]
"

[X]Y)
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#(P(M)+ x+y)) =="TM4,y)



& Bergman fan IM us [M]GH*(EE) [Sturmfels'05]
[Ardila- Klivans'06]

Thi [Huh-Katz'12] degz=) [ImJ·hQ.hyg =TM(g+,0/(g+1)

Thm (Adiprasito -Huh-Katz' 18][Ardila- Denham-Huh'23] Tropical Hodgethry

coefts of TM1g+1, 0) and TM1g+1, 1)
form a log-concave sequence. (CCi+Ci+)

Conj. by Heron, Rota, Welsh, Mason, ... in 70's)



01 y(P(M] [A]"[x]Y)
*
=Trks,y)

degze) [ImJoha.hyg =TM(g+,0/(g+1)
&2 Log-conc. for the whole im?

<P] 1-> H4p+pt...
IS[P]:P a def. of IS

=k(I/>H*(2)p piecewise polynom. on 23
<[P]- [P+v]: ve [m) <globally) linear fets]
[P]P'] =[P+ p/] y FRRL degg)-- Td(2))

W V
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LetTIDYE, acting on KE tov =(tiV,
...,
tnVn).

I
IPTC- E =image of teT.

Defn Given rdim' LIKE (i.e. KE-sL= C" realizes M),

define vec subundle 32 of LE=XxKE (&2 =GE/S2) via:

/
compactifies to

->

PT <> XE =permutohedral war.

Prop (32),[&2]=K(2) depend onlyon M.

can define [Sm], [Rm] =K(E), called tantological classes of M.



Thi [Berget-E- Spink-Tseng'23]
For E=K(EE), let cild) =H(IE) be its i-th Cher class.

& c,(2m) =hpcm) and <nr(am) = [Im]

② iedegz hh anSin) (e(am)) yic-zswe
=

(x+y)
-

(y+z)r (x+r)n
-rTm(2,r)

③ Above polynom. is arraylog-concave"

&Eisom 3:K(EE)=> H*(EE) such that

x(z) =degz=) 3(2) · (AthA+...+h))



Recovers & extends:[Huh-Katz'12] [Fink-Speyer'12][deMedrano- Rincon -Shaw'20]

[Bernardi-Kalman-Postnikov'21] [Cameron- Fink'22]

[Adiprasito-Huh-Katz'18] [Ardila- Denham-Huh'23]

Has led to:(E.- Huh-Larson] augmented
[Ranganathan-Usative'22] Gromov- Witten

<Larson-Li-Payne-Proudfoot] K-thry
CE.- Fink - Larson -Spink] delta-matroids (type B)
[Ardila- E. - Penagniao] trop. Crit
IE. - Larson] polymatroids
[E.] sheaf cohom.
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