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A combinatorial application of the hard Leofschefz’: theorem

X IS a smooth Froj&cﬁv& variefy aa{ tm n

a syacial case oéf compad Kahler manijolds.

The Kahler metric inducs
(1) the Hodge dzwm’)osiﬂon on I—I°(X5 q:)

H (X5 €) - b = H" (x50

Pte=t
where  HP¥(x; €) = classes o closed forms oF type (pg)
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(2) the Lefschetz ducomposition o H'(x; ®)
H' = H' (X5 @)



(2) the Lefschete ducomposition on H'(x; ®)
HY = HY X @)
(W] = ‘Poincare dual oﬁ the class oﬁa g,e,mrl‘c L"ZF”FMM
e H*(x)



@) the LleSd\L’rz ducompesition on H'(x 5 @}
HY = HY(X; @)
(W] = Poincare dual 0§ the class o{ﬁa generic l'»gpexrlaﬂl
e H(x)

1 iS Qn inJre%er from 0 to N.



(@) ﬂual LCJZSC_}\L’& du,omfosi‘l‘fon on H'(X; (&)
HY = HY (G ®)
U’"] ‘= ‘Pomcare dual rrae the class 4 a g,e,mrfc lq,yre,rrlam
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t) the LCOESC_M% duomfosihbn on H(X p @)
H' = Hl(X : (IQ)
(W) := Poincare dual of the class o a generic hugperplane
e H*(x)
1 IS on inJre((irer grom 0 to N.

The Herd Lej,sche,h Theorem

l

Udn-t U - - Ht — H&n’



@) the LC(FSCWH dL(,omrosi'hbn on H'(X g (&)
H = H (G ®)
(W] := Poincare dual oﬁ the Class 4a generic I'Werr'am
e H*(x)
1 IS 0n inm%er‘ grom 0 to N.
The Hard Leische,’rz Theorem
W'y - Hi' —> H&n'

iS an iSomothism .
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The Hard I,e(f&che,h Theorem
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The Hard Le,ofsche,’rz Theorem

n-1 1 n-1
w' U- o H — l-r
iS an iSomothism.

=  The hard LeJScheh operod'or‘
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The Hard l,e,d&dle’ri Theorm
wn"b U _ H‘L Hn"'l.
iS on iSomor‘Fhfsm.
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’ 1+a
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Examrte UP")3
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The map
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ExamFLe ([Pl)B

H (@) = QL. xe o]

3 2 2
(nx RIN

where X; = the Flkllb(l(—k °§ [W] € H"z( 1-th jOC‘)OY‘)

The map .
X, + Xa + X3 ‘ |—\1 — H”&
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ExamFLg Upa.)B

H'(pY?) = QL *, xa, 5]
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G is clow- free
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G s clow- free
1)£ no induced SuI)g,raPh Df G s K. \\.
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@ues’rion
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Quesﬁion
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@uesﬁon
For any L<ksl, is tf true that
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Sjrrcde%% For each Is Rs¢,
de compose Vg ® \/{H = @ \/ru
M

Ve ® Ve = PV
=

where each T i3 @ certan induCed SubgP&P\n Oé; G



SJrr&‘re%\é\ For each 15 ks,
de compose Vg, ® \/{Jrl = @ \/\_I
M

\/R ® \/{, = @ \/P,
such that Jor each T, r

Vo = HYPY)



Sjrrcde%% For each 15 Rs¥,
de compose Vg, ® \/{H = @ \/\_I
M

\/R ® \/t = @ \/]_,,
such that Jor each ', I

Vp  — Hi( (")

gor some¢ is n. Both 1 and n d@l?end on a cerfan
induced Subgra[)h I



SJrr(‘fre%% For each I1skRe¥,
de compose Vg, ® \/{,+I = @ \/\_I
M

e € L @ \/P'
such that Jor each T, I

© Ve = HU(®)")

gor som¢ 1% L. Both 1 and n d@P@nd on o Cerfamn
induced subgral’)h 1.



SJrrCﬁre%% For each 1< Rs¥,
dewompose Vi ® Vo, = @ \/P
M

\/R ® \/{’ = @ \/P.
such that For each [, I

D Vi == H((P))
@ 3 AutlG) -equiv E_EF L

map @ vt n
o P =k \/r' ~ H a““)|)>

‘g.or‘ some 1 <. Both 1 and n otePe,nd on [



Sﬁ&%e%% For each 15 ks¥,
de compose Vi @ Ve, = EB \/P
[

\/R ® \/{’ = @ \/P.
such that Jor each [, T

© Ve == HUE))
® 3 Acrle)-gquiv B WU
map _@m’} J |/ Q J, N .
Ve = HT ()

‘g.or‘ som¢ 1 <. Both 1 and n dePend on [



Sﬁ&‘re%% For each Is Rs¥,
de compose Vi ® Voup = @ \/P
I

\/R ® \/{’ = @ \/P.
such that Jor each [, T

© Ve = HYET)
® 3 A G)-gquiv B 1 WU -
map ékffl Pl Q L .
Ve = HT ()

gor some 1% r. Both 1 and n de,l)(),nd on [

The hard Le}schdz theorem im]>L(e$ theinj‘uﬁviv‘} ,,j’ 5}7.
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1. Take t’he sgmmefric d/iﬂuena 00€ each Pair\, and induce o Subg,ra})h 1.

./ = /TN . SN TN )
\o— [ .\Q—' '/ 0 .\.—o/ ’ o——'D/ ‘ [
g — — P o —0
./ ! \. ./ ! \0 ’ \o ./. \. ./ L
o—o/ 0——"/ [} \0—0 \o——'i O
SN TN : TN T A
.\0 = o/ .\c — -/ ° \o — t/ \o — | o/
NN SN T i
: o—~/ ’ 0——-/ o= / \0—— / \o——' ’
TNy N '
.\ — ’ o——b/ : N =0 \""./ ’\ —
N } [} —0, []
[ ——0\ —"\ /' /. \. /
/ 5 '/ . N ’ N o
o — ¢ o —+ » «—¢ »—0 °

ProPerjfé Og " Eadh (,Omronen‘l’ is either a Pa’rh
or  Q ugdﬁl % even Size



d.

Consider onl% paths o(‘]f odd # of vertices

“even )oav‘hs ;
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2. Consider onléL paths o(‘]f odd # of vertices
/‘\/]

'\/.\ N pink  path
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3. Swap colors in one Fa+h
Pink Pa+h
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4 SwaP wolors in evertg evén Pa’ch in |

Form o new pair oé {ndepend@n’r AR oﬁ size R,€.



4 SwaF colors in ever«a even Fa’ch in |,

Form 0 new Pair oé {ndePendenJr sets og size R, 2.
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4. SwaP colors in even& even Foﬂch in |,
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4-. SwaP C,O‘OPS in eveng even Pa‘th In r'
Form a new pair oj {ndependen’r sets oﬁ size R, €.
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5. Consider the Boolean algebra Jormed on all even paths in [T, grad&d b3
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The hard Lefschei® operator on ()™
§k'{: \/k-l ® \/Cﬂ — \/R ® \/e . ; F ‘+
®J - ; 1ta

Io J — Z I®J = W, H L H

where T® J awe pairs obtained as in -4 mu'ﬁfucaﬁon bg’

restricted to each induced Subgraph [
in gree X,+Xd+"°+xn_

where 1=B in !, n=8+Pin 7.
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" The hard Lg}sche‘i% operator on ®")"

k¢
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Ie J — ' 1@7

h ‘© T’ ' : in 1- -
where, I T Qve Fo.l(‘S oHo.meA as in 4 Mulh',)ljcaﬁ on bg’
restricted to each induced Subarayh r.

1+a

w: H* — H

X,+X°;+"'+xn.
where 1= B in !, n=8+Pin 7.
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'ProPer‘Ty
DP-2= (¢t+1) -(R-1) =(-k) t2 = .












The Hard Lefschetz Theorem
= &k"(:\/kﬂ @ V{-ﬂ — \/k ® Ve

I, — 217
where 1',J7 arg inderenden’r sets  Jormed b?
the above Steps

THM (L./aa) I{Z G is daw}ree,
then the gmdeo\ Aut (&) —mFmsen’rod'ion \. (&)

S equivarianﬂa Log-umcave,



Remarks
1 ELC 18 sﬂonge,r than LG

3 V. not ELC but dim V. s LC.

L. Kann : S'I'(’/P[AY) # S
& A related Prob(y.m nen 3
Er‘d'd S, (A)n}cdu\rc : the iﬂde}?end@fl& Rﬂqu(g, BJL

“‘"?f treg. is LC.

(/oun‘rer—examyb, -Xop the etiuivoﬁami' Stote ment :
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Me,\oéx\a Chan, Chris Eur. Pane Miyata, Nick Proudofm‘. Eric Ramos, | oreaze Vecchi



3 Other Rnown recukts
Moctheen - Mi%ﬁ*&‘?rowifw{'- Rames ‘al

H (C»Y\ﬁ ("»IRb),C&), H(Conég(n, (L),@> ,ete. is On-ELC

ms 14
Proudfod - Xu- \fmg 2 jor degrees

%*bioom:aol wd}@:awts.
L. “aa

MOi(‘JAiMzs g,or all 8;(1\*)9,
\/" Qiven b& R-subsets of [n] av S, rer,uw{aﬁm,



