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A combinatorial application of the hard Lefschetz theorem

X is a smooth projective variety of dim n.

a special case of compact Kahler manifolds.

The Kahler metric induces

12) the Hodge decomposition on HiX;K)

Hi(X,0) =0 2H"*(X;k)
p +q

=i

where HP8(X;K) =classes of closed forms of type (p. 8).
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The Hard Lefschetz Theorm

whir -:H" -H
n - i

is an isomorphism.
=>The hard Lefschetz operator

i +2

wv -:H" -H
is

injective for is no greater than n-1,

surjective for Ino smaller than n.
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Example (IP2)3
* [X,xa,x3]

H9(1p73) =

(x,, xa, x347

where X:=the pullback of [w] =H2) :-th factor)

The map
x, +xx +x3: Hi c H

i +G

is injective for i no greater than n-1

surjective for
i no smaller than n by HLT.
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Example (IP2)3
* [X,xa,x3]

H9(11p73) =

(x,, xa, x347

X,XaX3 6 x,(x, +xa +xz)
=x, +x,xa +x,x3

x,x2 XaX3,XIX3 4 =0 +x,Xa
+X,X3

↑
X I X 2 X 3
i X 7 2

2 0



Example (IP2)3
* [X,xa,x3]

H9(11p73) =

(x,, xa, x347

X,XaX3 6

Xi,*2 Xax3 ,X, X3 4
-

/

X I X 2 X 3
i X 7 2

2 0



Example (IP2)3
* [X,xa,x3]

H9(11p73) =

(x,, xa, x347

X,XaX3 6

XI
-

,X, X3 4
HLT Iy* Xax3 /

X I X 2 X 3
i X 7 2

I
2 0
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if no induced subgraph ofG is K3, 1.
.

⑧

⑧

Example cycles ⑧ ⑧

⑧ ⑧

& O

⑧

kn
⑧

·

the line graph of a graph
⑳ ⑧

↳ -> -> ~
⑧ ⑨ · ⑳
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Example

Io ·

I1· v

In ·waj mawaj aj awajaajaaaja;
⑧⑧ "....---
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Question

For any
12Re, is ittrue that

Up- *Vex I UR& Ve

as an Ant (G) - representation?

Ifso V. is "equivariantly log-concave"
Gedeon - Young-Proudfoot'16

dim Vo, dim V, ... is log-concave
i.e. 12k+1)/IR-1) = lIp

Hamidonne '90

Chudnorsky - Seymour'o, Newton 1707



THM11. 22) If Gis clawfree,
then the graded Ant (G) - representation V. (G)

is equivariantly log-concave.
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Example V.: Spank) Independent setIon G) =

1,Vn

Vo =Spang).-
Vi -Spany).away ata
Va =Spang!.jwajj ajaj aja-)
V3 -Spany).j a/w;

Is it true that

Ant (G)
vo Va -> Vi Vi

Ant (G)
Vo Vs -> Vi Va

Ant(G)
V, Vs -> Va Va ?
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Strategy For each 1.R=1,

decompose Vm * Vex
= Vp
I

Un * Ve =0 Vp
such that for each I, i

⑪
Up

~

, HY/PY
③ 7 Aut(G) - equiv 4 C Wu -

map &R, I W

② Ve Hi
+

2((()")

for some i < m. Both;and a depend on T.



Strategy For each 1.R=1,

decompose Vay* Vex
=Vp

Un * Ve =0 Vp
such that for each I, i

⑪
it Up

~Y'
③ 7 Aut(G) - equiv 4

1

C Wu -

map &R, I
② Upe, i+h((((*)

for some i < m. Both;and a depend on T.

The hard Lefschetz theorem implies the injectivity of Ep.
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Property of 4Each component is either a path
or a cycle of even size.
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·- blue path

-

19/9 pink path

B =
#of blue paths

p =

# of pinkpaths
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5. Define Eme: Vn- * Vex - Vm* Ve

I* Ixj
where I'* J' are pairs obtained as in 1-4.
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5. Consider the Boolean algebra formed on all even paths in R, graded by B.
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The hard Lefschetz operator on (IP'*
Eme: Vn- Ver -> Vm* Ve

I* Ixj
= W:H" -> Hita

where I'* J' are pairs obtained as in 1-4

multiplication by
restricted to each induced subgraph M.

x, +XG +.. . +Xn.

where i =B in R, n =B+ P in 4.
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x, +XG +.. . +Xn.

where i =B in R, n =B+ P in 4.
⑧8 ⑧
·- ·-

⑧

B +P . H°)(Ip=(2)⑧

⑳

⑧

⑧· ·...... x,X2-

I
-

IB +1 ⑳ -⑧

⑳ ⑳

I X 1 x 2

...we
ata ↑

1

-

⑧

B
⑳



⑧8 ⑧
·- ·-

⑧

B +P . H°)(Ip=(2)⑧

⑳

⑧

⑧· ·...... x,X2
B +1

-

I
⑧

-

I

-

⑳ e

⑳ ⑳

I X 12
...we
ata

1

-

⑧

B
⑳

We win if B is no greater than be



Property

4 - B =(e +1) - (R - 1) =(1 - k) +2 =2.



Property
4 - B =(e +1) - (R - 1) =(1 - k) +2 =2.

B =H5B



Property
p - B =(e +

1))
- (k - 1) =(e - k) +2 =2.

B =H1B+
2



Property
4 - B =(e +1) - (R - 1) =(1 - k) +2 =2.

↓

B =B1 B +2
=15P - 1

2



The Hard Lefschett Theorem

=>> Ere:VR- &Vet Um *Ve

I, 5 I', 5'

where I',5' are independentsets formed by
the above steps

THM11. 22) If Gis clawfree,
then the graded Ant (G) - representation V. (G)

is equivariantly log-concave.



&

Remarks
1 ELC is stronger than LC

=Vo not ELC butdim Vo is LC.

L. Kannen:Sterling #'s
2 A related problem

Erdos' conjecture:the independence sequence of

any tree
is LC.

Counter-example for the equivariantstatement:

-xix:
Melody Chan, Chris Eur. Dane

"

Miyata, Nick Proudfort. Eric Ramos, Lorenzo Vecchi



3 Other known results

Mathern-Miyata-Proudfoot - Ramos'al

H(Conf(n. 1RY), Q), H(Conf(n, C), Q), etc. is Sn-ELC
for degrees m =14.

Proudfout -Xa-Young'16

q-binomial coefficients.

L.'22

Matchings for all graphs.
V. given by K-subsets of[n] as In representation.


